Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 




600060086P 



/ 






\^. 






V.^ 






}22l -e ^^1^ 



t 



7 



C§c ^(ttt)^ttf ^^ri^s. 



38S 

EXERCJ SES 

(SOLT'ED) 

fiiiD, 4th, otii, and ()Th books 

OF 

K U C LI D, 

DESl(iNEI) TO MEET THE REQUIREMENTS OF UNIVERSITY 

AND COLLECIATE STUDENTS, THE NATIONAL TEACHERS, 

INTERMEDIATE EDUCATION STUDENTS, ETC., ETC. 

EDITED IJY 

P. M. EGAN, 

Autliur of tlio fumouH "Ta«k Book Sekies," for Schools; " AGRicuLxruAL Home 

Lkss'>n Seriks;" "Gkammau Suekt.s" and " Geogkaphy Shkets" 

for Ctillective Teiit'liing, etc., etc. 



KILKEXXY-V. ]\1. EcJAN, Hi<rh Street. 
DUBLIX — A. E. CiiAMNEY, 4, Lower Orniond Quay. 
LOXDOX — John ]\Iahsiiall, Paternoster Row. 
MA NCIIESTER—Soii^ I Ie ywood. 

1883. 




KILKENNY : 



P. M. EGAN, MACHINE PRINTER AND PUBLISHER, HIGH-STREET. 



PEEFACE. 



1. 

The dilRculties attending Examinationsin Euclid are admitted 
to be every day increasing. We have in various Programmes 
certain portions of the subject specified, but the Examiners, to 
the great perplexity of -Students, never limit themselves to the 
prescribed pages of the tiskt, rather making it an apparent 
hobby to puzzle the Scholar upon the broad and seeming 
unlimited field for exercises on the subject. 

It is to supply the want for a book which will help the 
Student to cope with this serious obstacle to promotion that 
the present work is published. With that view the number 
of Exercises here given is by far the largest which has hitherto 
been published in any country upon the Third, Fourth, Fifth, 
and Sixth Books of Euclid, so as to give the Student a 
complete mastery over the extensive range which Examiners 
are wont to travel. 

Every Exercise worthy of note proposed for solution in any 
important work upon the subject, or which has been given at 
Competitive Examinations, will be found in these pages, the 
solution of some of which we presume to be the clearest and most 
scientific that has yet appeared, many being worked 
in two or more ways so as to give the Student a selection, and, 
at the same time, aid his powers of comparison and invention. 
It will be observed that originality is a feature of the work 
for which credit may be taken, as some of the most difiicult. 
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Exercises are for the first time divested of the cumbrous 
machinery of construction in which they are usually clouded, 
and are here demonstrated in a style which, we trust, will at 
once recommend itself for simplicity and originality. 

In the selection, those Exercises which may be considered 
as the essence of Euclid are all accorded a place ; while the 
arrangement has been to place them, as far as consistent, in 
the order of their comparative difiiculty, at the same time 
grouping propositions in families so as to afford greater 
facilities for acquiring the analysis, of the subject, and to help 
the memory. 

The separation of the Cuts from the Text, and placing them 
together in convenient plates, has been approved by eminent 
educationists, it being obvious that more scope will be thereby 
given for attempting the questions as I'est Papers without the 
help which would necessarily follow if the Cuts were in the 
same page with the enunciations. 

P. M. E. 
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EXERCISE 1. 

If two circles cut each other, the line joining the points of inter- 
section M bisected at right angles by the line joining their centres. 

{P^. 1, Plate I.) — Let ABR, ABL be two circles inter- 
Becting in the points. A and B ; from the centres M and JV 
draw MK, NK to the point of bisection of the common chord 
AB. 

In the circle A BR, because the line MK is drawn from the 
centre to the middle point of the chord AB, it therefore cuts 
it at right angles (III. 3) i for a similar reason NK bisects 
AB at right angles, and .'. MK, NK axe in one and the same 
straight line (I. 14)- 

EXERCISE 2. 

AB is the diameter and C the centre of a semicircle : shotc t/iat 
K the centre of aw/ circle inscribed in t/ie semicircle is equiiUstant 
from C and from the tangent to the semicircle parallel to AB. 

(Pig. 2, Hate 1.)— Produce DK to G, and join CF. 

Because the circles touch, the straight line joining their 
centresCand A" passes tliroughtheirpoint of contacts {III. 11); 
and since Ci^=C£, ^ACF=DG, :. CE^DG; \,ntDK=EK, 
and, taking these equals from the equals CE and DG, the 
remainder CK = the remainder GK. 

EXERCISE 3. 

Throtigh n given point tcithin n circle, to draw a chord which 
shall be bisected in that point, and prove it to be the least. 

(Pig. 3, Plate I.)— Lot A" be the centre, and ANB the 
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diameter through the given point F \ MFK a chord at right 
angles to -4^ : then MK is bisected at the point P, and is also 
the least chord that can be drawn through that point. 

MK is bisected in the point F (HI. 3), and is less than 
any other chord RFS (III. 15), because the perpendicular 
NT is less than NF (I. 19). 

EXERCISE 4. 

If a circle be described on the radius of any circle, any straight 
line drawn from the point where they meet to the outer circumr 
ference is bisected by the interior one, 

(Pig. 4, Plate I.) — Let BCA be a circle described on the 
radius AB oi the circle BDM, BD any straight line meeting 
the outer circumference in D and cutting the inner arc in C : 
then BG = CD. 

Join (7-4. 

BCA is a right angle (III. 31), .-. BC = CD (III. 3). 

EXERCISE 5. 

The straight lines drawn at right angles to the sides of a quadri- 
lateral inscribed in a circle from their middle points intersect at a 
fixed point, 

(Pig. 5, Plate I.) — Let ABCD be a quadrilateral in- 
scribed in the circle ABCD, and F, G, H, K their central 
points; it is evident (III. 1) that the perpendiculars from 
these points all pass through the centre of the circle, and must 
therefore intersect in that point. 

EXERCISE 6. 

A quadrilateral is described so that its sides touch a circle : 
show that the sums of the opposite sides are equal, 

(Pig. 6, Plate I.)— Let AC EG be the required quadri- 
lateral, its sides touching the circle BDFH in the points 
B, A F, H: then AC + GE = AG + CE, 

Because AH = AB {Schol III. 17), HG = GF, ED = EF, 
CD = CB, then AH -{■ HG + ED + DC ^ AB -{■ BC + GF 
+ FEy that is, AG -^^ CE ^ AC -¥ GE. 



THIRD BOOK. 



EXERCISE 7. 

C is the centre of a given circle, CA a radiuSy B a point on a 
radius at right angles to CA j join AB and produce it to meet the 
circle again at 2>, and let the tangent at D meet CB produced at E : 
show thai BDE is an isosceles triangle. 

(Pig. 7, Plate I.) — Produce ulC to the circumference at 
F, and join DF. 

Because the two triangles FDA and CBA have each a right 
angle and a common angle, they are equiangular (I. 32), and 
the third angles DFA and CBA are equal ; but CBA = DBE 
(I. \b),Bsi^EDB^DFA (III. 32) ; /. EDB = EBD {Ax. 1), 
and ED = EB (I. 6), hence BDE is isosceles. 

EXERCISE 8. 

OAy OBy OC are three chords of a circle; the angle A OB is 
equal to the angle BOC, and OA is nearer to the centre than OB, 
From B a perpendicular is drawn on OA^ meeting it at P, and a 
perpendicular on OC produced, meeting it at Qi show that AP is 
equal to CQ. 

(Pig. 8, Plate I.) — Because the angle AOB = the angle 
BOCy the ai:c AB = arc BC (III. 26), and the chord AB = 
chord BC (III. 29). Again, because the angle BOF = angle 
BOQ (Hyp.), and the angles at F and Q right angles, and OB 
common to both the triangles BOF and BOQ, the perpendi- 
cular BF = the perpendicular BQ (I. 26). But as AB = 
BC, and BF = BQ, .*. AF = CQ (Cor. I. 47). 

EXERCISE 9. 

A is any point in the diameter produced of a circle whose centre 
is K 'y KM a radius perpendicular to the diameter : if AM cut 
the circle at R, and the tangent at R cut KA at S, show that 
SA = SR. 

(Pig. 9, Plate I.)-Join KR, 

KM A + KAM = KRM 4- BRA, each being equal to a right 
angle, but KM A = KRM\ :. SAR = SRA, hence the sides 
SA, SR are equal. 
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EXERCISE 10. 

Two circles cut one anotJter^ and two diameters are drawn which 
meet in one of the points of intersection : show that the straight line 
which joins the other extremities of the diameters passes through the 
otJuer point of intersection. 

(Pig. 10, Plate I.)— Let BKA, CKA be two circles, 
intersecting in- the points -4, JT, of which AB, AC are the 
respective diameters : then the straight line joining BC passes 
through K. 

Join BK, AK and CK 

Because BKA is a semicircle {Hyp,\ .*. BKA is a right 
angle (III. 31), and, for a similar reason, CKA is a right angle ; 
.'. BK and CK are in the same straight line (I. 14). 

EXERCISE 11. 

To draw a line from a given point A such that the perpendicular 
on it from a given point B shall he equal to a given line BM, 

(Pig. 11, Plate I.) — With B as centre, and the given line 
BM as radius, describe the circle MNR ; from A draw AM^ 
a tangent to MNR (III. 17) : AM is the line required. 

Join BM, 

Because ili/ is a tangent, A MB is a right angle (III. 19)j 
and BM equals the given line. 

EXERCISE 12. 

If AD, CE he draum perpendicular to the sides BCy AB of a 
triangle ABC, and DE he joined : show that the angles ADE, 
ACE are equal to each other, 

(Pig. 12, Plate I.)— Because AECy ADC are right angles 
they are .'. the angles in a semicircle AEDC, of which AC \^ 
the diameter ; hence the angles ADE, ACE are equal (III. 21). 

EXERCISE 13. 

If two equal circles intersect, and if through one of the points 
of intersection a straight line he draum terminated by the circles, 
the straight lines joining its extremities with the other point of 
intersection are equai 
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(Pig. 13, Plate I.) — Let MA C be a straight line drawn 
through il, one of the points of intersection ; join the points 
M^ C with the other point of intersection B : BM = BC. 

Join AB, 

Because the circles are equal the intercepted arcs arc equal 
(III. 28) ; therefore the angles at IT and Care equal (III. 26) ; 
and hence BM and BC are equal (I. 5). 

EXERCISE 14. 

On the side AB of any triangle ABC as diameter a circle is 
described ; £!F is a dianieter parallel to BC : show that the 
straight Unes EB and FB bisect the . interior and exterior angles 
atB, 

(Pig. 14, Plate I.)— Because EF is parallel to CB and 
FB cuts them, /. FFB « FBC (I. 29) ; but since the radii 
LFy LB are equal, the angles FFB, LBE are equal (I. 5), 
whence the angles EBC, LBE are equal. It may be similarly 
shown that the exterior angle is also bisected. 

EXERCISE 15. 

AD and BE are perpendiculars from the angles A and Bofa 
triangle on the opposite sides ; BF is perpendicular to ED or ED 
produced : show that the angle FBD is equal to the angle EBA. 

(Pig. 15, Plate I.) — Because the angles AEB and ADB 
are right angles, E and D are in the circumference of tiie 
circle described on AB as diameter (III. 31). 

Again, the Bugle DAB = angle BEF (III. 21); and the 
angles ADB and EFB are right angles ; therefore the third 
angles ABD and FBE of the triangles ADB and EFB are 
equal (I. 32). From each of these equals take the common 
angle EBD^ and the remaining angles EBA and FBD are 
equal {Ax. 3). 

EXERCISE 16. 

Two circles intersect at A and B. At A the tangents AC and 
AD are drawn to each circle and terminated by the circumference 
of the other. If CB and BD be joined^ show that AB, 
produced if necessary , bisects the angle CBD, 
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(Pig. 16, Plate II.)— Produce DA and Cil to i^ and G, 

The angle CAF ^ angle DAG (I. 15) ; the angle GAF ^ 

angle ABG (III. 32), and, for the same reason, the angle 

DAG = angle ^^Z>; /. the angle ABC = B^gle ABD {Ax, 1), 

hence (I. 13 and Ax, 3) the angle CBE = angle DBE, 

EXERCISE 17. 

AB is any chords and AD, is a tangent to a circle at A, DPQ 
is any straight line parallel to AB, meeting the circumference at P 
and Q : sJiow tliat the triangle PAD is equiangular to the triangle 
QAB, 

(Pig. 17, Plate II.)— Draw AP, BQ, and AQ. 

The angle DAP = angle AQP (III. 32), and the angle 
BAQ = angle AQP (I. 29); .'. the angle 2>ilP = angle ^il© 
(Ax. 1). Again, the angles ABQ and APQ are equal to two 
right angles (III. 22), and the angles APD and APQ are 
also equal to two right angles (I. 13) ; .*. the angle ABQ = 
angle APD {Ax. 3) ; therefore the third angles ^i>Pand AQB 
are equal (I. 32), and the triangle PAD is equiangular to 
the triangle QAB. 

EXERCISE 18. 

Two circles, ABDH andt ABG, intersect each other at the points 

A and B ; from B a straight line BD is dratvn in the one to touch 

the other ; and from A any chord whatever is draivn cutting the 

circles at G and H : show that BG is parallel to DII. 

(Pig. 18, Plate II.)— The angle ABD = angle AGB 
(III. 32), and the angle AIID = angle ABD (III. 21) ; .*. 
the angle AGB = angle AUD {Ax. 1), and hence (I. 27) the 
line BG is parallel to DH. 

EXERCISE 19. 

AB is any chord of a circle, P any point in the circumference', 
PM is a perpendicular on AB and is produced to meet th^ circle 
at Q ; and AN is draum perpendicular to the tangent at P : the 
triangles NAM, PAQ are equiangular, 

(Pig. 19, Plate ll.)—ANP, AMP are right angles, and 
.". ANPM is inscribable in a circle, whence the angles AMN, 
APN^TQ equal, hxxtAPN^AQP (III. 32); .-. AMN ^ AQP \ 
and ANM = APM ; hence the angles NAM, PAQ are equal 
(I. 32), and the triangles NAM, PAQ are equiangular. 
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EXERCISE 20. 

A OB, COD are diameters of a circle at right angles to each 
other \ E is a point in the arc AC, and EFG is a chord meeting 
COD at Fy and drawn in such a direction that EF is equal to the 
radium : show that the arc BG is three times Hie arc AE, 

(Pig. 20, Plate II.)-Join EO, EB. 

Because FEO is isosceles, .'. half the angle FEO together 
with FOE equals the angle CO A, or a right angle ; from each 
take the common part FOE, and the whole angle at ^ is 
double EOA ; but EOA is double of OEB ; /. GEB equals 
thrice OEB, or OBE, whence the arc GB is three times the 
arc AE, 

EXERCISE 21. 

Two circles intersect at A and B, and through F any point in 
the circumference of one of them the chords PA , PB are drawn to 
cut the other circle at D and C : CD is parallel to the tangent 
MPN. 

(Pig. 21, Plate II.)-Jroin AB. 

Angle NPC = PAB (IH. 32) = DCB (1. 13 and HI. 22) ; 
/. CD is parallel to MPN (I. 27). 

EXERCISE 22. 

It is required to find a point in the straight line which touches 
a circle at the end of a given diameter, such that when a straight 
line is drawn from this point to the other extremity of the diameter, 
the rectangle contained by the part of it without the circle and the 
part ivithin the circle may be equal to a given square not greater 
than that on the diameter, 

(Pig. 22, Plate II.)— Let MN be the given diameter, 
NR the perpendicular at one extremity, and NR the line 
whose square is given. 

With N as centre, and NR as radius, describe an arc cutting 
the circumference in K, join MK, and produce it to cut NR 
in Z : Z is the point required. 

Join NK, 

ML'LK = LN^ (HI. 36) = KL^ + KN\ but MLLK = 
MKKL + KL^; .'. KL"- + KN^ = MKKL + KL^) take 
away the common KL^, and KN^ — MK'KL. 
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EXEROISE 23. 

From each of the angular 'poinU of a triangle a perpendicular is 
let fall on the opposite side : show that the rectangles contained by 
the segments into which each perpendicular is divided by the point 
of intersection of the three are equal to each other » 

(Pig. 23, Plate II.)— Let the perpendiculars BD, AE, 
CF be drawn to the sides AC, CB, and AB respectively 
intersecting in K. 

AK'KE = CKKF = BKKD. 

Since the angles at F and E are right angles, ^C is the 
diameter of a circle passing through F and E^ and .*. AK'KE 
= CKKF (III. 35); for a similar reason iJZiTi) = CKKF; 
;. AKKE = CKKF = BKKD. 

EXEROISE 24. 

Three circles touch one another externally at the points A, B, C ; 
from A, the straight lines ABy AC are produced to cut the circle 
BCH at D and E: show that BE is a diameter of BCH^ and is 
parallel tq the straight line joining the centres of the other circles, 

(Pig. 24, Plate II.)-;-Join K and 0, K and P, and P, 
the three centres, by the lines KG, KP, OP, which must pass 
through the points of contact A, B, C (III. 12), and join D 
and P, E and P : then DPE is one straight line, and is therefore 
a diameter of the circle BBC Ell, 

Because KA = KB, the angle KAB = angle KB A ; and 
because PB = PD, the angle PBD = the angle PDB (I. 5) ; 
but the angle PBD = angle KBA (I. 15) ; .'. the angle 
KAB = angle Pi>i? (Ax. 1), and Z^(9 is parallel to PD (I. 27). 
In like manner it may be shown that the angle OAC = angle 
PEC, hence OAK is parallel to PE, and PD is parallel to 
KA O ; .'. DPE is one straight line, and a diameter. It could 
also be thus shown to be one straight line : — KA is parallel 
to PD, :. angle BKA = angle DPB (I. 29); and an^le at = 
angle EPC ; to these equals add angle BPC ; and .* 
(I. 32, 14) DPE ia one straight line. 

EXEROISE 25. 
The greatest rectangle ilohich can be inscribed in a circle is a square. 
(Pig. 25, Plate II.)— Let ADBE be a square inscribed 
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in the circle ABFBE, and let AFBG be any other rectangle 
infecribc^d" in • the circle : .then ADBBv&^^vmikv^ than -4 FJ^G. ' - ) 
From F draw FHK perpendicular to A 7?, aiid join- :Z)^. 



' .*. 



Because the diameter is the greatest^ chord in a cirole 
(III 15), BE\% greater than FK, Kud DO than /"V/;-..*: -the 
triangle ADB is greater than the triangle ^/Vi, and the double 
of ADB is greater than the d^u'blei>£''^i/'^^ — that is, the square 
il DB£ is /greater, "thaoi^ )the..xeotftngilav .-4 Jl&^',v. imd, u'.v. % is 
greater 1ih94\.ftny-,othe.r,T.eg.tSJigle,..,,.... .^ ■ ..-. ,,,-., .,.',u • :«. :.,*, .,\v.A 

' • ' * * ' \ V * * 

,/ ..... ;, ...,-, . ... EXERCJ8E ?6,i .;.,.,;,; ; ' :^ j ..._X) 
Two e^uabci'f^k^ totteh' molt'' other 'fixfe^mallyf mfd-thr^ughM 
point of 6ontttct dhvrds are (irqttn)vneia each eiivt6, a'^rijf^t'a)ifjflie^ 
to each other: shoic' that' thd^ ^traTght' iM'jbMng 
trefi}iti^s. of these ichqrds^ is equal and parallel foAhe '^r'diglit fine 
JQining the centres ^ofih^cir<^le^,\ ,,.\v. , ,. .;,. ; • ('J ^^T) 

(Pig. 26, Plate II.)— Let ^P2> and BPJe.he tliroequfli 
circles touching each other ^xternallj/ in the point F ; and let 
FA and FB be jbwo cl^ords, one in each circle, , at rio^ht angles 
to each other, meeting the circles .i?i A and iP': then' the 
straightline joiiiirig il andl^'iS fequal trnd "parallel WCIt^ iW 
straight iihe joining the centres of the circles. ' - ' •^< • ^ »'«' ^i 

Join -4 and C, -S and A^. ;..jw :«J.. . . .,./'.; 

' Because ' the angife ' A FB is (ffyp^ ). a right angles the angles 
i4PC and BFK' are equal to one ri^t angle,^ alid their equals 
CAF and KBF'bxq also equal to one right angles /."the -fouir 
angles CAF, GFA, KBF,&nA KFB are eqii^L.to^twor^ht 
angles, hence the angles ACF and BKF are together equal to 
two right angles (I. 32) ;. .\ ilC.k-p9.rallel to BK (I. 29), 
q^d.Jx^^cp ^,,33)45-^s^q^^l.^i;id.par4ll^l,to,(;i^^^^ ^^, 

'..V liXEIiCISE >27* •. »,.' ,,.. , ,.;•.. ^ , •. .. , 

■ ' » 

. B is a point in the circumference, of a tnr<^jjfiM>se pejitre t\ C; 
FA, a tangenit at any point F meets CS.pr'oduoed at .A, and FD 
is di'awn perpendicular to CB: \show that the strai^t^ line FB 

bisects the angle , A P D. ... , ; ' ' ' '^ 

(Pig. 27, Plate 11.) — Because the two lriangles^'PC7an4 
AFD harve ejacfe a right^^ingle aiid a common angle at ^, .ttey 
are.. equiangular (I.' 32), and the angle ACF = aji^lQ_[4Pp 
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(Ax. 3). Again, the angle AFB is equal to half of the angle 
ACF (in. 32 and 20) ; /. the angle DFB is also equal to 
half the angle ACP {Ax. 3), hence the angle AFB — angle 
DFB {Ax. 1) ; /. the angle AFB is bisected by the line BF. 

EXERCISE 28. 
If from any point in the circumference of a circle a chord and 
tangent be draum, the perpendiculars drawn to them from the 
middle point of the subtended arc are equal to each other. 

(Pig. 28, Plate II.)— ^Let AB be the chord and BC the 
tangent drawn from any point B \ let the arc ADB be bisected 
in D and the perpendiculars DE, DC be drawn to the chord 
and tangent respectively : then DE = DC. 

Join A A BD. 

Now AD = BD (III. 29) ; and angle DAB = angle DBC 
(III. 32) ; /. triangles DEA, DCB are equal (I. 26), and 
hence DE = DC. 

EXERCISE 29. 

Two circles intersect in the points A and B ; through A and B 

any two straight lines CAD, EBF, are drawn cutting the circles 

in the points C, D, E, F: prove that CE is parallel to DF. 

(Pig. 29, Plate II.)— Join AB. 

Because EC A 2J is a quadrilateral inscribed in a circle, the 
angles EC A, FBA are equal ; for a similar reason EBA =< 
FDA, hxjitEBA + FBA = two right angles ; /. EC A + FDA 
= two right angles, whence CE is parallel to DF (I. 28). 

EXERCISE 30. 
In a circle, the sum of the squares of two lines drawn from the 
extremities of a chord, to any point in a diameter parallel to it, is 
equal to the sum of the squares of the segments of the diametei\ 

(Pig. 30, Plate II.)— Let SB be the chord ; LD the 
parallel diameter; SK, RK the lines drawn from the ex- 
tremities of the chord to any point K in LD : then SK^ + 
RK^ = LK^ + DKK 

From the radius MD cut off MN = MK, and join MS, MR, 
RN 

Triangles KSM, NRMzxe equal (I. 4), .'. SK = RN. Now, 
SK^ + RK^ =- NR^ + RK^ = 2KM^ + 2MR^ = 2KM^ + 
2Jf2>a - LK^ + DK^ (II, 9). 
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EXERCISE 31. 

If an equilateral triangle be inscribed in a circle^ and the ad- 
jacent arcs cut off by two of its sides be bisected; the line joining 
the points of bisection will be trisected by the sides, 

(Pig. 31, Plate III.)— Let ABC be an equilateral tri- 
angle inscribed in a circle; DB the line joining the middle 
points of the adjacent arcs AB, BC : BH is trisected in the 
points Z, M, where it intersects the sides of the triangle. 

Join DB, EB. 

Because DE is parallel to ilC, LBM is an equilateral 
triangle; and because the angles ABD^ BDE^ CBE^ DEB are 
equal (III. 27), ,'. DL ^ BL ^ LM, and EM ^ BM ^ LM ; 
and hence DE is trisected in the points Z, Jf. 

EXERCISE 32. 

The triangle formed by the chord of a circle, the tangent eU its 
extremity y and any line perpendicular to the diameter draxon through 
its other extremity, will be isosceles. 

(Pig. 32, Plate III.)— Let AN be the chord, MN the 
tangent, and AB, RM the diameter and perpendicular re- 
spectively, and let the perpendicular meet the tangent at M 
cutting the chord at K : KMN is isosceles. 

Join BN. 

Because the angles KRB, BNA are right angles, the triangles 
AKR, ABN are equiangular (I. 32), and MNK = NBA 
(III. 32) - AKR =- MEN, :. KMN is isosceles (I. 6). 

EXERCISE 33. 

Two circles touch each other externally , the diameter of one being 
double of the diameter of the other ; through the point of contact 
any line is drawn to meet the circumference of both : show that the 
part of the Une which lies in the larger circle is double of that in the 
smaller, 

(Pig. 33, Plate III.)— Let SNM be the smaller circle 
touching the larger at *S^, and ijAS'iV" the* line through the point 
of contact : KS is double of SN, 

Produce the diameter MS of the smaller circle to the centre 
Vt of th<^ larger ; join MN and draw FTiT perpendicular to RN 
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^ons.^'j .the angles. at K aixd-iV" ^re right angles, 
. at S ,arp equal ; hence triangles KlV'S] NMS 

is'thei-efor^ dotibl&df i)'^.'^ ^ ' ' ■■' • ^v 
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' ':!A-^iBi>C>f J?: nr4 fiitti: poitits ^t<ii;§rkin- order on the cireurtifereiy^e 
of a circh^itliei'strtdgktMnei^lABy GDyrodumd inte^$^ct{itP^:(jm4 
ADy BC at Q ; show that the straight lines. QM^\ EM which 
respectively bisect the- angles A Q&, AFU con tain ji rigltt cmgle at 

jlf,^iheiiipomtqfi7iter^sectwn.' •'-■''■' > 

angles ADC, ABC 'i tw6 nght^ angles (1; ' SS aiiVi HI " 2!S)^ ; 
.*. their halves, or the a.Dg\esMQC^ MPC, NCQ equal one right 
angle; but MNP = M'QC'^^ WCQi'^kenoe MNP + MPC = 
' oniBM^gl|t;fl!iiglfe,. tod-ithe' .an:gl6 QMP is j'v s^ .right>awgl^- ' v 

EXERCISE aj.v; ^ .,. > 

r.,] * AiiBi AJ^fi,av0 \tyip equql airelesj ih& centre of 4^PB being in 

'theoifysufi^ermcerof AC'^ AJS beiij^* tf{e comvvon xihord \ \f asiy 

\'chfkff(i''A{fy.of'iACB be f^rodUded to^ctit APB in P, the. triangle 

PBC is equilateral. •' ^ : ' ■ ' ' : '\ " ) » 

(Fig. 35, Plate. III.)— ^C', = -BP (HI. 26, 29);'und 

'^ the angle ACB is double of i?:P(7vlDecaus^ 16 is equal to the 
angle \vhich would be fornieA ifC were at the centre oi APB 
(IIL^li 20)"rbut it'ift ftl8G^qtialto(7i?P'+C7Pi? (1/32), 
/. CBP — CPB^ whence the sides CB and CP are equal, and 
/. PBC is an equilateriJ tHaaiglfe. 

\' •.'/•.. Vx . M ,• . .EX.ERvIqE 36,.. ,;.•, ,-. 

, ' . i//f T^itto ^miea. ysnt each ^ other, fio, flm^ the ^ii;c^mfi$ren.c^ of one 

.pas9e9^,XitraughJhe cemtre, qf^h^ ^th^r^ .a^idfrop. ei*her^ point of 

intersectim a str night line be drawn cutting both circumjer^nces : 
,the^paj;t^inter-'''ep.ted,beti{^eenthe.two cinomnferences rpiU be equal to 
♦ ike. choi^ii diwixn.frojjfy: Ihii- (^tffer pcf(^f' of vjiterse(?ti6n to the point 

where the former line meets the imieT.<^rQuv9ferenQe,\ . . 
': ;<Pig:- 36, Plat© m.^iict KMN\i^,B, circle, and KCN 

ikiiotfeel^ pftfts'inff'thrpii^h rtsoentre G .iAQik'.KOMh^ $> line draivn 

cutting both circumferences ; join ON : then OM =« ON 
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, For, by joining CK^ CX^ we have the an^le KCX - angle 
KOX {HI. 21), Wt /iTC.V is double of KMX (III. 20), /. 
KOXi^ double of KMX; but since KOX = iT^l/^ + OAW 
<I. 32), :.A\¥X^ OXM, andthesidesOJ/, O^Vare equal (I. 6). 
If BKl:^ be a tangent ta KCXy meeting the concave circum- 
ference of KMfX at .% «nd KX bo joined ; KX = A^S'. For 
angle ^A"^" = angle KCX (III. 32) = twice KSX ; /. angle 
J(SX.= angle KXS (I, 32), whence KX = A>S^ 

EXERCISE 37. 

2)rrt>t' f zpo tangent^ to a given circle, which shall contain an angle 
equal to a given rectiliiieal angle, 

(Fig. 37, Plate III.)— Find J/, the centre of the circle 
(III. 1), and draw the radii MX, MK containing an angle 
equal to the supplement of the given angle ; through the points 
A", X draw the tangents I^My XE meeting in R : then UK, RX 
are the tangents required. 

The angles at K and X are right angles, /. the sum of the 
angles KRX, KMX equals two right angles, and hence the 
angle at R equals the given angle. 

EXERCISE 38. 

If frmn any point without a circle, lines be drawn cutting the 
circle and making equal angles with the longest line, they will cut 
off equal segments 

(Fig. 38, Plate III.)— Draw ML through the centre of 
the given circle from the given point M, and draw MKS, MRX, 
making equal angles with ML, and cutting the circle in K, S 
and R, irrespectively : the segment KQS = the segment R WX» 

Join KRi 

KMR is an isosceles triangle (III. 8), .*. the angles 
SKR^ XRK are equal ; .*. the arc RXS = the arc KSX ; from 
each take the common part SXy and the remainders RX, KS 
are equal, and hence the segments KQS, R WX are equal. 

EXERCISE 39. 

If from any point in the arc of a segment of a circle a line he 
drawn perpendicular to the base, and from the greater segment oj 
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the hose and the greater arc parts he cut off respectively equal to the 
less : the remaining jmrt of the base shall be equal to the chord of 
the remaining arc, 

(Fig. 39, Plate III.) — From any point M in the arc 
DMB, draw MS at right angles to DB ; make SL « SB, and 
the arc MK « the arc MB ; join KD: KD ^ DL, 

Join MB, ML, MK, and KL. 

ML = MB (I. 4) = MK (III. 29), and because DKMB 
is a quadrilateral inscribed in a circle, .*. DKM + DBM = 
two right angles, or, DKM-{- MLB = two right angles, /. (1. 13) 
DKM « DLM; but since ML = MKthe angles MKL, MLK 
are equal (I. 5) ; .*. the angles DKL, DLK are equal, and 
the sides KD, DL are equal 

EXEROISE 40. 

If from any point outside a circle tangents be draum ; the angle 
which they include is double the angle between the chord joining 
their point of contact and a radium drawn from one of them, 

(Fig. 40, Plate III.)— Let MS, MB be the tangents; 
SB the line joining their points of contact, and SKth^ radius : 
angle SMB — twice angle KSB, 

Join KB. 

The angles at aS' and ^ are right (III. 18), /. SMBK is 
inscribable in a circle ; and because the arc SKB is double the 
arc KB, .'. the angle SMB is double of KSB (III. 27). 

EXEROISE 41. 

A chord FOQ cuts the diameter ABofa circle in 0, at an angle 
equal to half a right angle : PO^ + OQ^ = 2MB^, M being the 
centre, 

(Pig. 41, Plate III.)— Draw MF perpendicular to FQ, 
and :jm. 3) bisecting it : FO^ + OQ^ = 2FIf^ + 2iV^02 (II. 9) = 
2P0qQ + 4ir02 (II. 5); but 2F0'0Q = 2A0'0B (III. 35) 
and since the angle at iT is right and the angle at O half a 
right angle, /. the angle at M ^^ half a right angle, and iVO 
= NM (I. 6), and hence 4J^0^ = 2M0^ ; /. FO^ + OQ^ =. 
2A0 0B + 2Jf02 «. 2i02 (H. 5). 
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EXERCISE 42. 
Throvgh a given point P outside a circle MKR^ draw a straight 
linBy such that the part intercepted by the circle shall have a given 
length. 

(Pig. 42, Plate III.)— With any point L as centre, and 
the given length as radius, describe an arc cutting the circle 
in Hy and with the centre of the given circle as centre, describe 
a circle touching LB; from Pdraw the tangent PMSK (III. 17), 
cutting the given circle in M and K, PK is the line required. 

MK = LR (III. 14). 

If P be within the given circle the same construction holds. 

EXERCISE 43. 

If two circles touch each other, any straight line drawn through 
the point of contact uill cut off similar segments, 

(Pig. 43, Plate III.)— Let APF and ^Pi^'betwo circles 
touching each other in the point P : then the segment A GP is 
similar to the segment BHPy and the segment AEP to the 
segment BFP. 

Through P draw a common tangent CD, 

Because the angle APC = angle BPD (I. 15), and the 
angle APC = any angle in the segment AEP (III. 32), and 
the angle BPD = any angle in the segment BFP, therefore 
those segments are similar (III. Def 11) ; hence the remaining 
segments of these circles are similar. 

If one touch the other internally it can be proved in the 
same manner. 

EXERCISE 44. 
Two circles intersect at the points A and B, from which are 
drawn chords to a point C in one of the circumferences^ and these 
chords^ produced if necessary , cut the other circumference at D and 
E : show that the straight line DE cuts at right angles that diameter 
of the circle ABC which passes through C, 

(Pig. 44, Plate III).— Join AB; draw CKGF through 
the centre K to cut DE in F ; and join BG, 

Because ABED is a quadrilateral in the circle ABE, the 
angles BAD and BED are together equal to two right angles 
(III. 22) ; but BA IJ and BA C are also together equal to two 
rightangles (1. 13), :,BAC -=BED {Ax^Z); w[id,Q&BAC = BGC 
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(III. 21), BGC = BED {Ax. 1). Now, in the two triangles 
CEF and CBG, the angle CKF = COB, and the angle FCEis 
common to both, .*. the remaining angles CFE and CBG are 
equal (I. 32) ; hut the angle CBG is a right angle (III. 31),'* 
.*. the angle CFE is a right angle. 

EXERCISE 45. 

The straight lines which bisect the vertical angles of all tri- 
angles on the same base and on t? e same side of it^ and having equal 
vertical angles, intersect at the same j^oint 

(Pig. 45, Plate III.)— Let AC DEB be a segment of a 
circle, AB its chord, and ACB, ADB, and AEB triangles on 
the same base AB and having (III. 21) equal vertical angles : 
the straii2:ht lines bisecting these angles must all meet in the 
same point. 

Bisect the arc A PB in P (III. 30), and draw PC, FD, 
and FE. 

Because AP = PB, the angles ACP, PCB, A DP, PDB, 
AEP, and FEB are all equal (III. 27), .'. the lines CP, DP, 
and EF, bisecting the angles at C, D, and E all meet in the 
same point P. 

EXERCISE 46. 

If a quadrilateral be inscribed in a circle, and a straight line be 
drawn making equal angles with one pair of opponte sides, it will 
make equal angles ivith the other pair. 

(Pig. 46, Plate IV.)— Let ABCD be a quadrilateral 
inscribed in a circle, and let the line EKF be drawn making: 
equal angles, FED and EKC with AD and BC : it makes equal 
angles, A HE and DFE, with AB and DC produced. •> 

Because the angle BKH = angle EKC (I. 15), and. angle 
FED = angle EEC {Hyp.), the angle BKH = aj^i^le FED 
{Ax. 1) ; and as the angles ABC and HBK = two right angle^, 
and the angles ABC and ADC = two right angles (III. 212), 
.'. the angle HBK = angle ADC ; hence in the two triangles 
HBK and FED, the angle HBK = angle FDE, and the angle 
BKH = angle FED, the remaining angles BHK smd EFD are 
equal (I. 32), that is, the line EF makes equal angles with 
AB and DC produced. 
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EXERCISE 47. 

If a quadrilateral^ having two of its opposite sides parallel^ he 

desciihed about a circle^ a straight line drawn through the centre of 

the circle^ parallel to Vie parallel sides^ and tei'fiiinated hy the other 

two sideSy shall he equal to a fourth part of the perimeter of the 

figure, 

(Pig. 47, Plate IV.)— Let ABCD be a quadrilateral, 
described about a circle, having its two sides AD and BG 
parallel, and let the straight line EF be drawn parallel to AD 
and BG through the centre K ; then this straight line, EF^ is 
one-fourth of the perimeter of the quadrilateral ABGD. 

Draw DBy cutting EFrnG', join KM and KN, 

Because AD and BG are parallel tangents at the points 
M and iT, the line MN is a diameter ; and, since MK = KN^ 
AE^EB, and DF=FG, /. {Ex, U7, Part I,) EG = hali AD, 
and GF ^h&lf BG, that is (Ax. 1) EF^ half the sum of AD 
and BG; but AD -^ BG ^ AB + DG ; .". EF - one-fourth 
the sum of AD, BG, AB, DG = one-fourth of the perimeter of 
the quadrilateral 

EXERCISE 48. 

To draw a straight line to touch each of two given oiroleh 

(Pig. 48, Plate IV.)— Let BMIT and DOS bo the 
two circles. 

Prom C, the centre of the larger circle, as centre, and radiuK 
equal to the difference of the radii of the two circles d«Hcriba 
the circle -4 PfT; from K, the centre of the loss circle, draw KA 
a tangent to the circle APW; join GA, and produce it to 
meet the circumference of DMN in B ; from K draw KD 
parallel Ui AB and join B and D\ BD is a common tantreut 
to BMN and DGS, 

Because ^4^ is equal and parallel to KD, .*. BD is equal and 
parallel to -4^" (I. 33); and as the angles at A are right 
angles, the angles at B and D are right angles (I. 29 and 34), 
/, BD is a oommpn tangent to both giroles, 
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EXERCISE 49. 

To draw that diameter of a given circle which shall pass at a 
given distance from a given point 

(Pig. 49, Plate IV.)— Let BHDF be the given circle, 
P the given point, and FA equal the given distance. 

From F as centre, and AF sa radius, describe a circle ; from 
C the centre of the circle BHDF draw CB a tangent to it 
(III. 17), meeting it in -4, and produce BC to the circumference 
in D : BD is the diameter required. 

Because BD is a tangent to the circle AMGN at the point 
-4, and ^P is a radius, ^P is perpendicular to BD (III. 18) ; 
and BD is the diameter required. 

If the given point be without the circle, the same method 
of solution can be employed. 

EXERCISE 60. 

A and B are the centres of two circles which touch internally at 

C, and also touch a third circle^ whose centre is /), externally and 

internally respectively at E and F : show that the angle ADB is 

double of the angle ECF. 

(Pig. 50, Plate IV.)— Produce GAtoG, 
Because the angle GAF is equal to the two angles ACF^jMdi 
AFC (I. 32), and that these two last are equal (I. 5), the 
angle GAF ^a double of the angle ACF, But the angle GAF 
= angles ABD and ADB (L 32), .'. ABD + ADB « 2ACF 
{Ax, 1). Again, angle ABD = BGE + BEG = 1BGE, /. 
angle ADB = 1ECF (I. 32, Cor,\ 

Note. — As the angle ADB is also double of the angle AFE^ 
it follows that the angle ECF = angle AFE {Ax. 1), or DEF. 

EXERCISE 61. 

If two equal circles he placed at such a distance apart that the 
tangent drawn to either of them from the centre of the other is equal 
to a diameter^ show that they mil have a common tangent equal to 
the radius. 

(Pig. 51, Plate IV.)— Let il^jy and BDFhe two equal 
circles, and let them be so placed that the tangent GA from the 
centre G to the circle A RH may be equal to a diameter ; then 
they have a common taiigent equal to the radius. 
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Prom G draw the radius CB parallel to AK] join KB ; join 
also DE : then DE is a common tangent, and is equal to EG 
or KA. 

The figure A GBK is evidently a rectangle ; and as GD = 
DA {Hyp.), and KE = EB, each o£ the figures ADEK and 
DGBE is a square, and ED » BG » AK) and it is also a 
common tangent since the angles at D and E are right angles. 

EXERCISE 52. 

If from the centre of a circle a line he drawn to any point in the 
chord of an arc, the square on that line, together tvith the 
rectangle of the segments of the chord, will be equal to the square 
on the radius, 

(Pig. 52, Plate IV.)— Let AB he b, chord o£ the circle 
AHB, C the centre, E a point m AB ) then the rectangle 
BE'EA, together with the square on EG, is equal to the square 
on the radius. 

From G let fall the perpendicular GD, and join AG and EG* 

The rectangle BEE A + ED^ ^ AD^ (II. 5). To each of 

these equals add GD^, and the rectangle BE'EA + ED^ + 

DG^ = AD^ + DG^ = AG^; and as ED^ + DG^ - EG^, /. 

the rectangle BEE A + EG^ « AG^ 

EXERCISE 63. 

If two circles intersect, the common chord produced bisects the 
common tangent 

(Pig. 53, Plate IV.) — Let EK be the common chord of 
the two circles REM, RKN, which on being produced meets 
the common tangent MN'a.t L : MNi& bisected in the point L, 

LN^ = RL'LK = LM^ (III. 36) ; .-. LN = LM. 

EXERCISE 54. 

AB is the diameter of a semicircle, D and E are any two points 
in its circumference : show that if the chords joining A and B with 
D and E each way intersect at F and G, then FG produced cute 
AB at right angles, 

(Pig. 54, Plate IV,)— Let FG cut AB at K, and join DE. 

BAE -^ BDE (III. 26) ; and because the angles BDF, 
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AEF&ve riiht, .*. GDFE is inscribable in a circle; wherefore 
the angles EDG^ EFG are equal (III. 26) ; hence the angles 
BAE^ BFK are equal, and the angle ABE is common to the 
triangles ABEy FBK\ /. the remaining angles AEB^ FEB are 
equal ; but AEB is a right angle, wherefore the angle FEB is 
also right 

EXERCISE 55. 

If two circles cut each other, the tangents drawn to them front 
any point in the common chord produced are equal 

(Pig. 55, Plate IV.)— Let -4 J5Z) and ABE be two circles 
cutting each other at the points A and B ; and let CD and 
CE be tangents to them from C any point in the common 
chord AB : then CD is equal to CE, 

CD^ « the rectangle ACCB, and CE^ - the rectangle 
AC'CB (III. 36), .-. CD^ = CE\ and CD - CE. 

EXERCISE 56. 

AB is a common chord cf two circles ; through C any point of 
one circumference straight lines CAD, CBE are draum terminated 
by the other circumference : show that the arc DE is invariable. 

(Pig. 56, Plate IV.)— Join AE. 

The angles at C and E are invariable (III. 21), .'. their 
ium, or the angle DAE, is also invariable whence the arc DE 
18 invariable (III. 26). 

EXERCISE 57. 

Two tangents AB^ AC are drawn to a circle ; D is any point on 
the circumference outside of the triangle ABC : show that the sum 
of the angles ABD, ACD is constant, 

(Pig. 57, Plate IV.)— The sum of angles BAC, BDC is 
invariable; henoe the sum of angles ABD, ACD is constant, 
the whole four being equal to four right angles. 

EXERCISE 68. 

If two chords intersect within a circle, the angle which they 
include is measured by half the sum of the intercepted arcs, 

(P%. 58, Plate IV.)~Let the chords AB, CD of the 
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circle A DSC intersect at aS^: the angle CSB is measured by 
half the sum of the arcs AD^ CB. 

Dra-w I>JS parallel to il^, and meeting the circumference 
at E. 

CUE is measured by half the sum of the arcs CB.BE (III. 20), 
but since J)E is parallel to -4^, the arcs BE^ AD are equal, 
and angle CSB = CDE ; /. angle CSB is measured by half 
the sum of the arcs AD^ CB, 

EXERCISE 59. 

If ttvo chords produced intersect without a circle, the angle which 
they include is measured by half the difference of the intercepted 
arcs. 

(Fig. 59, Plate IV.)— Let the chords AB, CD, being 
produced, intersect at E: angle AEC is measured by half the 
difference of the arcs A C, BB. 

Draw DK parallel to AB, meeting the circumference at K. 
because KD and AB are parallel, the arcs AK, BB are equal, 
.*. the arc KC is the difference between the arcs AC, BB, and 
the angles KDC, A EC are equal, but KDC is measured by 
half the arc KC (III. 20), hence A EC is also measured by 
half the arc KC, that is, by half the difference of the arcs A C, BD, 

EXERCISE 60. 

AB is the diameter of a circle whose centre is C, and DCE 
is a sector having the arc BE constant \ join AE and BD 
intersecting at P : show that the angle APB is constant, 

(Pig. 60, Plate IV.) — Because the arc DE is constant, 
and the arc AFB is constant; and as the angle APB is measured 
by half the sum of these arcs {Ex* 58), it must also be constant 

EXERCISE 61. 

In a circle two chords of given length are drawn so as not to 
intersect, and one of them is faced in position ; the opposite extremi- 
ties of the chords are joined by straight lines intersecting within the 
circle : show that the locus of the point of intersection will be a 
portion of the circumference of a circle^ passing through the 
extremities of the fixed chord* 
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(Fig. 61, Plate V.)—Let A B and CD be two chords of 
given length in the circle ACDB ; and let AB he fixed ; join 
B, C and A, Z>, and let BC and AD intersect at U : then the 
angle AUB is invariable, whatever may be the position of CD 
on the same side of AB. 

Because the angle AEB is measured by half the sum of the 
arcs subtended hj AB and CD, it is invariable, whatever may 
be the position of CD ; and hence it will always be found in 
the same segment of a circle (III. 21) — namely, that having 
AB for its chord, and hence passing through A and B, 

EXERCISE 62. 
APB is a fixed chord passing throtigh P a point of intersection 
of two circles AQP, BPB; and QPB is any other chord of the 
circles passing through P : show that A Q and EB when prodticed 
meet at a constant angle. 

(Pig. 62, Plate V.)— Let AQ a.nd BB meet at M. 

AQP is constant (III. 21); .'. MQB is constant; for the 
same reason BBP is constant ; whence in the triangle QMM 
the sum of the angles MQB, MRQ is constant, and /, QMB 
is also constant. 

EXERCISE 63. 

Two segments of circles are on the same base AB, and P is any 
point in the circumference of one of the segments ; the straight lines 
APD and BPC are drawn meeting the circumference of the other 
segment at D and C ; AC and BD are drawn intersecting at Q : 
show that the angle A QB is constant. 

(Pig. 63, Plate V.)— Because the angles i!C^ and ^2>J5 
are equal (III. 21) and invariable, their supplements PCQ and 
PDQ are equal and invariable (I. 13) ; the angle APB is also 
invariable, and, hence (I. 15), CPD is invariable, /. the angle 
CQD (or AQB) must be constant, since these four angles are 
equal to four right angles. 

EXERCISE 64. 

AB, BC, CD are three adjacent sides of any polygon inscribed 
in a circle; the arcs AB, BC, CD are bisected at L,M,N'y andLM 
cuts BA, BC respectively at P and Q: show that BPQ is an 
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isosceles triangle; and that the angles ABC, BCD are together 
double of the angle LMN, 

(Pig. 64, Plate V.)— i?P(2 is measured by half the sum 
of the arcs AL^ BM] and BQP is measured by half the sum of 
the arcs LB, MG, but ^IZ + BM ^ LB + MCy and therefore 
BFQ = BQP, hence BPQ is isosceles. 

Again, ABC stands on the arcs AI> + twice i>xV, and BCI> on 
AD 7^ twice AL, but LMN stands on the arcs AD, AL, DN, 
which are equal to half the sum of the arcs that ABC and BCD 
stand on, and therefore the sum of the angles ABC, BCD is 
double of the angle LMN, 

EXERCISE 66. 

On a straight line AB as hose, and on the same side of it are 
described two segments of circles ; P is any point in the circum- 
ferencs of one of the segments, and the straight line BP cuts the 
circumference of the other segment at Q : show that the angle PA Q 
is equal to the angle between the tangents at A, 

(Fig. 65, Plate V.) — Because ^IQ is a chord of the inner 
segment, AQB, and ii^ is a tangent, the angle QAM = the 
angle QBA in the alternate segment (III. 32). For the same 
reason the angle NAP = PBQ ; and /. the angle QAM = 
angle NAP (Ax, 1). From these equal angles take the common 
angle MAP, and the remaining angle PAQ = the remaining 
angle NAM {Ax. 3) ; that is, PAQ = the angle between the 
tangents AM and AN 

EXERCISE 66. 

In a given circle to insctibe a rectangle equal to a given recti- 
lineal fguire, 

(Pig. 66, Plate V.)— Let AFBB be the given circle. 

Draw any diameter AB, and to it apply a rectangle equal to 
the given rectilineal figure (I. 45) ; let ADCB be that rect- 
angle; let DC meet the circumference in F ; join AE, BB; 
and draw AF, FB equal to AB, EB ; then AFBB is the 
required rectangla 

The rectangle ^2>C^ = twice triangle ilJ'J5 (I. 41), and the 
rectangle AFBE = twice triangle AEB, ,\ rectangle ADCB 
= rectangle AFBE. But the rectangle ADCB = the given 
rectilineal figure {Cons.), ,\ the rectangle AFBE = the given 
rectilineal figure {Ax, 1). 
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EXERCISE 67. 
A quadrilateral is hounded by the diameter of a circle^ the 
tangents at its extremities^ and a third tangent : show that its area 
is equal to half that of the rectangle contained by the diameter and 
the side opposite to it, 

(Fig. 67, Plate V.)— Let ABDE be the quadrilateral 
bounded by the diameter AB^ the two tangents AE and BD at 
the extremities of A By and a third tangent ED : then the area 
of ABDE is equal to half the rectangle contained hj AB and 
ED, Let C be centre. 

Join CE, CF, and CD. 

The triangle FGD = triangle BCD (I. 47 Cor,)^ and 
the triangle FCE = triangle ACE] but the area of 
the triangle FCD = half FC multiplied by FD (I. 41), /. the 
area of the quadrilateral FCBD = FC multiplied by FD. For 
the same reason the area of the quadrilateral FCA E = FC 
multiplied by FE ; and /. the total area of these two quadri- 
laterals = FC multiplied by FD + FE ^ FC multiplied by 
ED = half ^2^ multiplied by ED, 

EXERCISE 68. 
A triangle ABC is inscribed in a circle : show that the sum of 
the angles in the three segments exterior to the triangle is equal to 
four right angles. 

(Pig. 68, Plate V.) — The angles in the segment of which 
AB i& the chord, equals the sum of the angles on the arc A CB, 
i,e.y those at A and B; for a similar reason those in the 
segments of which CjB, CA are the chords equal the sum of the 
angles at B and (7, A and C respectively, whence the sum of 
the angles in the three segments equals twice the angles at A, 
By C, namely four right angles. 

I^ote, — This, perhaps, may be seen more clearly by taking 
any point in each of the arcs and joining each point with the 
angular points of the triangles. 

EXERCISE 69. 

A quadrilateral is inscribed in a circle : show that the sum of 
the angles in the four segments of the circle exterior to the quadn- 
lateral is equal to six right angles. 



TBIBD BOOK. 87 



(Fig. 69, Plate V.)— Let ABCD be a quadrilateral in- 
scribed in a circle, and let AEB, BFC, CGD, and DHA be 
angles in the four segments exterior to the quadrilateral : their 
sum is equal to six right angles. 

Join BD. 

The angles BDC and BFC are together equal to two right 
angles (III. 22); the angles ADB and AEB a two right 
angles ; the angles ABD and AHD » two right angles ; and 
the angles DBC and DGC » two right angles; .*. the two 
angles ABC and ADC together with the four angles in the 
exterior segments are equal to eight right angles ; but ABO 
and ADC are together equal to two right angles, hence the 
four angles in the exterior segments are together equal to six 
right angles 

EXERCISE 70. 

The straight lines bisecting any angle of a quadrilateral inscribed 
in a circle and the opposite exterior angle meet in ths circumference 
of tJip ctmle 

(Pig. 70, Plate V.)— Let AN bisect the angle A of the 
quadmateral ABCD; join NC: the line NC bisects the 
opposite exterior angle DCM, 

Because ABCD is inscribed in a circle, the angle DAB ■- 
the angle DCM. 

Again, NAD - DCN (III. 27), but NAD - half of DAB, 
:. DCN is also half of DCM. 

EXERCISE 7L 

AB is the diameter of a semicircle^ P is a point on the ciroum' 

ference^ PM is perpendicular to AB; on AM^ BM as diameters 

two semicircles are described^ and AP^ BP meet these latter circum* 

ferences cU Q^ Bi show that QB will be a common tangent to thenk 

(Pig. 71, Plate V.)— Bisect AM, BMiaL.K respectively, 
and j^ QL, QM, BE, BM. 

QPRM is a rectangle, because the angles at (?, P, R are 
right angles being in semicircles, and .'. its diagonals are equal 
and bisect each other, whence the angles RQM^ PMQ are 
equal, and since LM « ZQ the angles LQM^ LMQ are also 
equal ; .'. the whole angle LQR = the whole angle XJfP, and 
is .'. a right angle, whence RQ is a tangent to the semicircle 
A C^; in like manner it may be shown to be a taiigent to the 
other semicircla 

D 
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EXERCISE 72. 

If ABC he a triangle, and BE, CF the perpendiculars from the 
angles on the opposite sides, and Kthe middle point of the third side : 
show that the angles FEK, EFK are each equal to A, 

(Pig. 72, Plate V.)— Because CEB, CFB are right angles, 
CB is. the diameter of a circle passing through E and F; /. 
KEy KF are radii, hence the angles KFE, KEF are equal 

Again, because CEFB is a quadrilateral inscribable in a 
circle, the angles AFE, KCE are equal, but KEC = KCE = 
AFE; and since the angles of the triangle EFA equal two 
right angles or the angles at E, and KEC = AFE, the whole 
angle KEA = FEA + FAE ; from these take the common 
angle FEA and the remainders KEF, FAE are equ%L 

EXERCISE 73. 

If any two circles touch each other in the point M, and lines he 

drawn through M at right angles to each other, one cutting the 

circles in N, R, and the other cutting them in L, H : the sum of the 

squares ofLH, NR = the square of KMO, the sum of the diameters, 

(Pig. 73, Plate V.) — Join KL^ OR, and produce them to 
meet at Z : draw KN, OH, 

KNRZ, EOZL ore rectangles, ;. NR^ + EL^ = KZ'^ + 
OZ^^KO^, 

EXERCISE 74. 
Divide a circle into two parts so that the angle contained in one 
segment shall he equal to twice the angle contained in the other, 

(Pig. 74, Plate V.)— Draw any tangent -4 JVjff touching 
the circle at N\ from N draw the chord NM making the angle 
ANM equal one-third of two right angles ; NM divides the 
circle in the manner required (III, 32). 

EXERCISE 75. 
C is the centre of a given circle, CA a straight line less than the 
radius : find the point of the circumference at which CA subtends 
the greatest angle, 

(Pig. 75, Plate V.)— From A draw AP perpendicular to 
CA meeting the circumference at F: then F is the point 
required. 
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Join CP, and describe the circle GPA having CP as diameter ; 
take any other point M in the outer circumference, and join 
CM, AM, the former cutting the inner circumference at iV; 
join AN, 

The angle CPA « angle GNA (III. 21) ; but GNA is 
greater than GMA (1. 16), and .". GPA is also greater than 
CM A, whence P is the point required. 

EXERCISE 76. 
Describe a circle which shall pass through a given point and 
touch a given straight line at a given point, 

(Fig. 76, Plate VI.) — Let if be the point in the given 
line A By and N the other point 

Join MN; and draw M£ perpendicular to A3; draw NS 
cutting MB in S, making the angle SNM = SMN: S is the 
centre of the required circle. 

If a circle be described with S as centre, and SM as radius, 
it will touch A Bin the point M, because A MS is a right angla 

It will also pass through the point N because iSM = SN 

(I. 6). 

EXERCISE 77. 
Describe a circle which shall touch a given circle at a given point, 
and touch a given straight line, 

(Pig. 77, Plate VI.) — Draw a diameter MD from the 
given point D in the given circle MLD, and produce ; draw 
the tangent DC cutting the given line, SR, in C ; on SR take 
the part CB = CD, and draw BA at right angles to SR cutting 
MD produced in il : il is the centre of the circle required. 

Join CA, 

Then AB = AD (I. 47), and the angles at D and B are 
right angles ; /. il is the centre of the circle required. 

EXERCISE 78. 
With a given radius X, to describe a circle touching two given 

circles, 

(Pig. 78, Plate VI.)— Produce the radii AK, BNoi the 
given circles to and W respectively, making each of the 
produced parts equal to X, and with these produced lines {A 0,B W) 
as radii describe two arcs cutting in Jf ; join AM, BM, and let 
them cut the circles in the points L and Q respectively ; then 
since ML « MQ^ .'. M is the centre of the circle required. 
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EXERCISE 79. 

A circle is drawn to touch a given circle and a given straight 
line : show that the points of contact are always in the same straight 
line with a fixed point in the circumference of the given circle. 

{Fig. TO, Plate VI.)— Let the circle BMF touch the 
given circle ABH in the point B, and the straight line DE in 
the point F ; the points B and F are in the same straight line 
with the fixed point A^ the extremity of the perpendicular on 
DF from the centre C. 

Because AD is parallel to KF^ and CK meets them, the 
angle ACB » angle BKF (I. 29) ; and because AC « CB, 
the angle CAB*' angle CBA (L 6) ; for the samereasontheangle 
KBF « angle KFB \ but since angle ACB ^ angle BKFy the 
sum of angles CAB and CBA « sum of angles KBFBudKFB 
(I. 32), and their halves, the angles CBA and KBF are equal 
{Aas. 7), and therefore AB and BF are in the same straight 
lina 

EXERCISE 80. 

To describe a circle that shall have a given radius and touch a 
given circle and a given straight line, 

(Fig. 80, Plate VI.)— Let AMN be the given circle, DE 
the given straight line, and FF equal to the given radius. 

From C the centre of the given circle draw CP perpendicular 
to DF ; cut off FP equal to tibie given radius ; from C as centre, 
with distance equal to the sum of the two radii — viz., of CS 
-^ SO '^ GR + PF^ describe an arc cutting FG^ a pandlel to 
DE^ in : the point is the centre of the required circle. 

From G draw GH parallel to PF^ or perpendicular to DE ; 
then OH - PF (L 34), and PF - 8G (Cons.), /. GH - SG 
{Ax» 1) ; and the drde H8W touches the given circle AMN^ 
tiie given straight line DE^ and has a radius equal to the 
given straight line PF. 

EXERCISE 8L 

To describe a circle which shall touch a given etrde^ have its 
centre in a given straight line^ and pass through a given point in 
the given straight line* 

(Pijgf. 81, Plate VI.)— Let ABE he the given circle, PS 
the given straight line, And P the given t>oint in the given 
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straight line; it is required to describe a circle which shall' 
touch ABEy pass through the point P, and have its centre in 
the line DH. 

Through C, the centre of the given circle, draw AE parallel 
to DH ; join A and P, C and F^ the point in which AF cuts 
the circumference of ABE^ and produce CF to meet DHinK] 
then K is the centre of the required circla 

Because ii^ is parallel to DH^ and AP meets them, the 
angle CAF = angle KPF (I. 29) ; the angle CAF = angle 
CFA (I. 5) ; the angle CFA - angle KFP (I. 15) ; /. the 
angle KFP = angle KPF {Ax. 1), and hence ^f' « KP (I. 6), 
and the circle described from K as centre, with KF as radius, 
will touch the circle ABE in F (III. 12), and pass through 
the given point P in the given straight line DH. 

EXERCISE 82. 
To draw a straight line to touch one given circle so that the part 
of it contained hy another given circle shall he equal to a given 
straight line not greater than the diameter of the latter circle, 

(Pig. 82, Plate VI.)— Let DEF and MGIT be two circles. 

Take any point G in the circumference of MGH^ and with 
G as centre and distance equal to the given straight line, 
describe an arc cutting the circumference in H ] join GH] from 
the centre K let fall Qie perpendicular KW on GH] from the 
centre iTand distance jK'fT describe a circle; and draw AN b, 
common tangent to both the circles />£Ji^and ^^S'TT cutting 
the circumference of MGHin M, N. The part MN\& equal to 
GH B the given straight line (III. 14). 

EXERCISE 83. 
To describe a circle touching a given straight line at a given 
pointy such that tangents drawn to it from two given points in the 
straight line may he parallel 

(Pig. 83, Plate VI.)— Let AB be the given straight line, 
P the given point in which the circle must touch the given line 
AB, and A and B the two given points from which parallel 
tangents are to be drawn to the required circle. 

On AB describe the semicircle ACB; draw PC at right 
angles to ii^ ; join ACy BC ; at the point Ay with the line A C, 
miJce the angle CAF equal to the angle CAP (I. 23), and 
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from C draw CD perpendicular to AF ; at jB, with the line BC^ 
make the angle CBG equal to the angle CBF^ and from C draw 
CE perpendicular to BG ; then CP, CDy and CJE are all equal, 
and therefore (III. 9) C7 is the centre of the required circla 

It is evident from the construction that CD^ CP, and CE 
must be equal (I. 26) ; and since the angles CAP and GBP 
are together equal to one right angle ; the angles DAP and 
£BP are equal to two right angles, and .'. AD is parallel 
to BK 

Note. — This may also be readily effected by drawing a 
tangent to the circle ACB through the point C, and then 
drawing AD and BE perpendicular to the tangent, as in the 
following problem. 

EXERCISE 84. 

To describe a circle with a given radius touching a given straight 
line, such that the tangents drawn to it from two given points in the 
straight line may he parallel, 

(Pig. 84, Plate VI.) — Let AB be the given straight line, 
and AD equal the given radius ; it is required to describe a 
circle with radius equal to AD, and touching the given line AB^ 
such that tangents to the required circle from A and B may be 
parallel. 

From A draw ^i> at right angles to -4^, and equal to the 
given radius ; on ^ J5 describe a semicircle ; from D draw DC 
parallel to AB; through the point C draw a tangent to the 
semicircle ACB ; from C draw CE perpendicular to AB^ and 
from A and B draw AF and BG perpendicular to the tangent 
FCG : then C is the centre of the circle, for CF, CE, and CG 
are equal. 

Join AC and BC 

Because CG is a tangent, and CB a chord, the angle GCB 
= angle CAE (III. 32) ; the angles at E and G are right 
angles (Cons.) ; and BC is common to both triangles — viz., 
BCE and BCG, /. CG = CE (I. 26). Again, since CF is a 
tangent, and AC & chord, the angle ACF = angle ABC ; and 
because the angle A CB, in a semicircle, is a right angle and 
CE a perpendicular, the a.ng\e ACE = angle ABC, .'. the angle 
FCA = angle ACE, and the angles at E and F are right 
angles, and A C common to both triangles — viz. , A CFsLud A CE \ 
and .-. CF = CE (I. 26), and the three perpendiculars CG, 
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CE, and CF are equal, and C is the centre of the circle 

(III. 19). 

Again, since the angles at F and G are right angles, the 
tangents, AF and BG^ to the circle described from C as centre, 
and CG^ CF, or CF, as radius, are parallel (I. 28). 

EXERCISE 85. 

To describe a circle which shall pass through a given point and 
touch two given straight lines, 

(Pig. 85, Plate VI.)— Let AB and AFh^ the two straight 
lines, and first let them not be parallel; and let G be the 
given point. 

Draw iliV bisecting the angle BAF ; through G draw MGHK 
at right angles to AN, and make PH equal to PG ; from AM 
cut off a part ME, so that the rectangle HM'MG may be equal 
to the square on ME (II. 14) ; and through E, G, and H 
describe the circle DHGE, which is the circle required. From 
E draw EC at right angles to -4 J/ and CD at right angles 
toAB, 

Because the angles at A are equal {Cons.), the angles at 2) 
and E right angles, and AC common, the sides CE and CD 
are equal (I. 26) ; and /. the circle described from C as 
centre and radius equal to CE, or CD touches AB and AF, 
It also passes through G and //, because the rectangle IIM-MG 
= GK'KH = ME^ = KD\(ni. 37). If the lines be parallel, 
bisect the common perpendicular, as in P, and make PJIequsA 
to PG ; then find the side ME of a square equal to the 
rectangle HM'MG, 

EXERCISE 86. 

To describe a circle which shall touch two given circles and a 
given straight line. 

(Fig. 86, Plate VI.)— Let GUM and JFJnrbe the two 
given circles, and AB the given .straight line ; it is required 
to describe a circle touching the two circles GHM, ENW^ 
and AB, 

From K the centre of the larger circle, if they be unequal, 
describe a circle with the difference of the radii of the given 
circles as radius ; draw Q V parallel to AB, and at a distance 
from it equal to the radius of the smaller circle ; iiud S the 
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centre of the circle passing through C, 2), and touching Q V : 
this will be the required circla 

Because SB = ST = SC, and that ED ^ IT ^ CG, /. 
{Ax. 3) SE ^SI^ SG; and since the lines SGC and SEDK 
join the centres of the circles, they pass through the points of 
contact (III. 12) ; and since SI is perpendicular to AB, the 
circle GEL touches AB : hence OEL is the required circle. 

EXERCISE 87. 

Describe a circle which shall pctss through a given point and 
touch a given circle at a given point, 

(Fig. 87, Plate VI.)— Let P be the given point, BEF 
the given circle, and B the point in the circumference of the 
circle where the required circle shall touch BEF, 

Join BP^ bisect it, and from the point of bisection, 2), draw 
DK perpendicular to BPy meeting CB produced at K\ then 
K is the centre of the required circle. 

BD and DK and the contained angle BDK are respectively 
equal to PD and DK and the contained angle PDK^ .', BK = 
PK (I. 4) ; and the circle described from K as centre, with 
KB as radius, will evidently be the required circle (III. 12). 

EXEBOISE 88. 

To describe a circle which shall touch a given circle^ and also 
touch a given straight line in a given point 

(Pig. 88, Plate VI.)— Let PFIIhe the given circle, and 
AB the given straight line, and D a given point in it; it is 
required to describe a circle which shall touch the circle PFH 
and also the straight line AB in the point D, 

From D draw DE perpendicular to AB and equal to the 
radius of PFH; join C, the centre of PFE, and the point E; 
at C make an angle equal to the angle at E^ and produce the 
lines forming these angles to meet in K; then K is the centre 
of the required circle. 

Because the angles at C and E are equal, the line CK = EK 
(I. 6) ; and ajs (Cows.) CP = ED, /. KD = KP. Again, 
since KD is perpendicular to AB, and that CK passes through 
the two centres, P WD is (III. 12, 19) the circle required. 
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EXERCISE 89. 

Through two given points to descriOe a circle which shcdl touch a 
given circle, 

(Pig. 89, Plate VI.)— Let P and X be the given pointe. 
Take any point A on the circumference of the given circle, and 
describe a circle through P, A", and A, If this described circle 
touches the given circle, it is the required circle. But if not, 
let B be the other point of intersection of the two circles. Let 
PK and ili^ be produced to meet at C ; and from C draw CD 
touchin<( the given circle at D : then a circle described through 
Py K^ and D will be the required circle. 

Now, the rectangle PCCK = rectangle ACCB (III. 35) ; 
and the rectangle ACCB = GD'^ (III. 36); therefore the 
rectangle PC'CK «■ CD'^ (Ax. 1). Hence the circle described 
through P and A" to ^uch CD at D will be the required circle. 
If the tangent Cd be drawn, there will be two solutions. 

EXERCISE 90. 

To deaciHbe a circle touching two given straight lines and a given 
circle. 

(Pig. 90, Plate VI.)— Let ilJ5 and 2)JF be the given 
straight lines, and FRN the given circle; it is required to 
describe a circle touching AB^ DEy and the circle FRN. 

Draw GU and Pif parallel to il^ and DE respectively and at 
distances from them equal to the radius CF^ of the given circle 
FRN) find the centre of a circle passing through C and touching 
GIfasidPM{Fx. 85); let K be that centre; drawC-PA, and from 
K draw KL W and KO V perpendicular to GU and PM ; with 
K as centre, and KF as radius, describe the circle LFO : then 
this is the required circle. 

Because A'C, KW, and AT are all equal ; and CF, L W^ and 
OF are also equal ; then AjP, KL^ and KO are equal {Ax. 3), 
Again, because KL and KO are perpendicular to id Z? and DE^ 
and the line KFC joins C and K, it follows (III. 12, 16, 19) 
that LFO is the required circle. 

EXEROISE 91. 
Through two given points to describe a circle which shall touch a 
given straight line. 

(Pig. 91, Plate VII.)— Let C and 2> be the two given 
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points, and AB the given straight line; it is required to 
describe a circle passing through C and D and touching AB. 

Join CD, and produce it to meet ^^ in ^ ; from JSA or BB^ 
produced if necessary, cut off a part JSP, such that the square 
on BF shall be equal to the rectangle CEED (II. 14); 
through C7, D^ and P describe a circle CDP ; this is the circle 
required. 

Because the rectangle CBBD « BP^, /. BP touches the 
circle passing through C and D and meeting the line AB in P 
(m. 37)* It is evident that, if the point P be taken on the 
other side of B^ there will be two solutiona 

EXERCISE 92. 

In a given straight line to find a point such that the sum of its 
distances from two given points nwy he equal to a given straight line. 

(Pig. 02, Plate Vn.)— Let ilj? be the given straight 
line, and B and F the two given points ; it is required to find 
a point in il^ such that the sum of its distances from B and F 
may be equal to a given straight lina 

From E draw BM at right angles to AB, cutting it in ZT, 
and make HM equal to SB ; from F as centre, with distance 
equal to the given straight line, describe the circle ANS i 
describe a circle (Bx. 89) passing through B and M and 
touching the circle ^I-^aS^, and let it touch it in iV; join FN, 
cutting AB in. C : then C is the required point. It is evident 
(in. 1 and 11) that C is the centre of BMN. 

CN = GB', to each add CF, and NF ^ EC + CF; and 
/. the point C, in il-B, is the required point 

EXERCISE 93. 

In a given straight line to find a point such that the difference of 
its distances from two given points may be equal to a given straight line. 

(Pig. 03, Plate VII.)— Let AB be the given straight 
line, and B and F the two given points ; it is required to find 
a point ia AB such that its distances from B and F may be 
equal to a given straight line. 

From F as centre, with radius equal to the given straight 
line, describe the circle MWS; from B draw BK at right 
angles to il-B, cutting it in ZT; make UK equal to JIB; 
through B and K describe a circle touching the circle MWS 
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in M (Ex, 89); join FM^ and produce it to meet AB\s:lG\ 
then C is the required point. It is evident from (III. 1 and 12) 
that C is the centre of EKM, 

Join EC. 

CE = CM, and CF— CM « CF — CE {Ax. Z) ^ FM ^ 
the given straight line. 

EXERCISE 94. 

AB ia a diameter of a circle^ and AF is any chord ; C is any 
point in AB^ and through C a straight line is drawn at right angles 
to AB, meeting AF, proditced if necessary at G, and meeting the 
circumference at D : show that the rectangle FA 'A G, the rectangle 
BA 'AC, and the square on AD are all equal 

(Pig. 94, Plate VII.)— Join BG-, and produce DC to 
meet &e circumference in U, 

Because the angles at C and F are right angles, the circle 
described on BG as diameter will pass through C and F 
(III. 31); and /. the rectangle GA'AF = rectangle BA'AC 
(III. 36). 

Again, AD^ = AC^ + DC^ = AC^ + DC'CE « AC^ + 
AC'CB (III. 35) = BAAC (II. 3); but as BA-AC ^ 
GA'AF, :. AD^ = GA'AF {Ax. 1). 

If any other line be drawn from A cutting DH in X, and 
meeting the circumference in Wi WA'AX = AD^. Join WB. 
The angle at W is right, being in a semicircle, and :. equals 
the anj/le at C, hence WXCB is inscribable in a circle; ,', 
WA'AX ^ BA'AC^AD\ 

EXERCISE 95. 

Construct a triangle, having given the hose, the vertical angle^ and 
the point in the base on which the perpendicular falls. 

(Pig. 95, Plate Vn.) — On the given base AB describe 
the arc ACB containing an angle equal to the given angle 
(III. 33), and from D, the given point, draw DC perpendicular 
to AB cutting the arc in C ; join AC, BC : A CB is evidently 
the triangle required. 

EXERCISE 96. 
Construct a triangle having given the base, vertical angle, and 
perpendicular. 
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(Pig. 06, Plate Vn.)— On the base AB describe the 
segment ACB containing an angle equal to the given angle 
(III. 33) ; draw BD at right angles ix> AB and equal to ^e 
given perpendicular ; draw DC parallel to AB meeting the arc 
at C, and join ACy BC: ABC is the triangle required (Cans.), 

Note. — This is impossible when the given perpendicular is 
greater than that drawn from the middle ot ABto meet the arc. 

EXERCISE 97. 

Construct a triangle, having given the base, vertical angle, and 
the median. 

(Pig. 97, Plate VH.)— On the base AC describe the 
segment ABC containing an angle ei^ual to the given angle 
(III. 33), and with the centre of the given base as centre, 
and tlie given median as radius, describe an arc cutting ABC 
in B ; join BA, BC : ABC is the triangle required (Cons.). 

Note. — ^A median of a triangle is the line drawn from an 
angle to the point of bisection of the opposite sida 

EXERCISE 98. 
Given base, altitude, and radius of circumscribed circle, construct 

the triangle. 

(Pig. 98, Plate VII.)— With the given radius ^^ describe 
the circle KLA, and with K as centre, and the given base as 
distance, describe an arc cutting the circumference at A, and 
join KA ; from A draw AB at right anofles to KA, and equal 
to the given altitude ; draw BL parallel to KA cutting the 
circumference in L, and join LA, LK: KLA is evidently the 
triangle required. 

EXERCISE 99. 

Given the base of a triangle, the vertical angle, and the radius of 
the inscribed circle : to construct the triangle. 

(Pig. 99, Plate VII.)— On the given base AB describe a 
segment of a circle containing an angle equal to the sum of the 
vertical angle and half its supplement ; at a distance from B 
equal to the given radius draw a straight line parallel toAB, and 
meeting the arc in C ; from C let fall the perpendicular CD ; 
^oin BC BJid AC ; make the angle CAF equal to the angle 
BAG, and the angle CBJS equal to the angle CBA ; produce 
BE to meet AF : then AFB is the triangle required. 

Because the angle ACB is equal to the vertical angle and 
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half its supplement, the two angles BAC and ABC » half the 
supplement (I. 32) ; and /. their equals, the angles FA E 2^6. 
CBF are toirether equal to half the supplement. But ACB = 
CEB + CBE = QBE + FAE + AFB (I. 32), because CEB 
= FAE + AFB] and /. AFB + FAK + FBC = to the 
vertical angle and half its supplement. From these equals take 
FAE and FBC^ which are equal to half the supplement, and 
the angle AFB = the vertical angla 

Again, draw CUy CiV perpendicular to AF, FB; and since 
the angle HA C =« angle DA C, the angles at D and H right 
anoles, and AC common to both triangles, the line CD = CH; 
and in like manner it may be shown that CiV = CD ; and .'. 
CiV = CH. C is therefore the centre of the inscribed circle 
(III. 9), and ABF is the required triangla 

EXERCISE 100. 

Given the vertical angle of a triangle^ and the segments into which 
the line bisecting the vertical angle divides the base : to construct 
the triangle, 

(Pig. 100, Plate VII).— Let A E and EB be the secments 
of the base made by the line bisecting the vertical angle ; on 
A By their sum, describe a segment of a circle containing an 
angle equal to the given vertical angle (III. 33), and complete 
the circle \ bisect AB in C, and draw CD at right angles to 
AB meetinor the arc in D ; through D and E draw the straight 
line DEF\ join AF and BF) then AFB is the triangle 
required. The proof is evident from the construction. 

EXERCISE 101. 
Given the three lines drawn from the vertex of a triangle^ one of 
them perpendicular to the base^ one bisecting the bafe, and one 
bisecting the vertical angle : to construct the triangle, 

(Pig. 101, Plate VII.)— Tal:e any straight line AB, and 
from any point, E, draw EF at right angles to AB and equal 
to the given perpendicular ; from F as centre, with distance 
equal the line bisecting the vertical angle, describe an arc 
cutting AB VEL H \ from the same point as centre, with distance 
equal to the line bisecting the base, describe an arc cutting 
AB in M 'y through M draw the straight line NMG at right 
angles to -4^ ; at /*, with the line FH^ make the angle UFK 
equal to the angle FGKy contained by FH and KM produced ; 
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from K as centre, with KF or KG as radius, describe a circle 
cutting AB in C and D ; join FC and FD : then (7i^i> is the 
triangle required. 

Because NKM is perpendicular to C2>, it also bisects it 
(III. 3)i and the arcs CG and GD are equal (III. 30) ; and 
/. the angle CFG = angle GFD (III. 27). Now, 'in the 
triangle CFD^ the perpendicular FE^ the line FH bisecting the 
vertical angle, and the line FM bisecting the base, are equal to 
the given lines ; and .', CFD is the required triangle. 

EXERCISE 102. 

Given the vertical angle, the difference of the sides containing ity 
arid the difference of the segments of the base made by a perpendicular 
from the vertex : to construct the triangle, 

(Pig. 102, Plate VII.)— Let AD equal the difference of 
the segments of the base, the angle ADF equal to half the 
vertical angle, and AF equal to the difference of the sides. 
Produce AF, and make the angle CDF equal to the angle 
CFD ; produce AD ; from C as centre with CD or CF as 
radius, describe the circle FDBE, cutting AD and il (7 produced 
in B and E \ join EB and BC : then ABC is the triangle 
required. 

Because BDFE is a quadrilateral inscribed in a circle, the 
angles BEF and FDB are equal to two right angles (III. 22) ; 
but the angles ADF and FDB are also equal to two right 
angles (I. 13), /. the angle ADF = angle BEF {Ax, 3), and 
as the angle A CB is double of the angle BEF, it is also double 
of ADF, It is therefore evident (Cons,) that ABC is the 
triangle required. 

EXERCISE 103. 

Given the sum of the legs of a right-angled triangle, and the sum 
of the hypotenuse and the perpendicular to it from the right angle : 
to construct the triangle, 

(Pig. 103, Plate VII.)— Let FG be equal to the sum of 
the legs, and CB equal to the sum of the hypotenuse and 
perpendicular ; it is required to construct the triangle. 

Find a straight line whose square is equal to CB'^ — FG^ 
(I. 47) ; from CB cut off CA equal to that line ; on AB 
^escribe a semicircle; from B raise ^Bif perpendicular to id .8 
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and equal to AC ; from ff draw HE parallel to AB ; and from 
either point of intersection — namely, from U or Jf, draw a 
perpendicular to -4^ ; join A£! and EB, or iUfand MB ; then 
A£B or A MB is the triangle required. 

CJS2 = FG^ + AC^ = FG^ + ED^ (Cons.) ; but Cm = 
(Cii + ili^)2 = {ED + ABf = ^i)2 ^Am + 2ED'AB (II. 4) j and 

:,FG^ + -4(72 = i^G^2+^2)2=^2)2 + ilJ?2 + 2^Z>-^jB(^a:. 1); 
hence 7^(y2 = ^ J52 + 2ED'AB {Ax. 3). Again, i^6?2 = (4jE^ 

+ EBy {Hyp.)= AE^ + EB^ + 2AEEB (II. 4); and;.il^2 + 
EB^ + 2AE'EB = ^1^82 + 2^i>-i4^; but il^2 + ^^2 = ^^2 
(III. 31 and I. 47), .-. 2AEEB = 2EDAB {Ax. 3), that is, 
AE'EB = ED'AB = twice area of triangle AEB; hence (ilj^ 

+ JE'^)2 = FG^ ; and /. AE + EB = FG, and ili^^ is the 
triangle required. 

EXERCISE 104. 
Constintct a tnangle, having given the base, the vertical anghy 
and the length of the line drawn from the vertex to the base bisecting 
the vertical angle. 

(Pig. 104, Plate VII.)— On the given base AB describe 
the segment A CB containing an angle equal to the given angle 
(III. 33), and complete the circle. 

Bisect the arc A KB in Z, and join KB ; produce ES^ the 
given line, to ff^ making RH'HS = KB^^ and with KdA centre 
and radius equal to HS^ describe an arc cutting ABin L\ join 
KL and produce it to meet the circumference at C ; join CA^ 
CB : ABC is the triangle required. 

CK'KL = Km {Ex. 94), /. RHHS = GKKL, but HS = 
KL {Cons.), ,\ CL = RS or the given bisector; and since CK 
bisects the arc A KB, it also bisects the angle at C. 

EXERCISE 105. 
Qiven the perimeter, altitude, and vertical angle: to construct 
the triangle. 

(Pig. 105, Plate VII.)— Let BG, BF, the halves of the 
given perimeter, be placed so as to contain an angle equal to 
the given angle, and let GEF be the circle to which these 
are tangents ; with B as centre, and the given altitude as 
distance, describe the circle RDL ; draw the common tangent 
AEDC, touching the circles in E and D, and the tangents in 
A and C : ABC is the triangle required. 

Join BD. 
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BD is at right angles to AC^ and equals the given altituda 
Again, AE = AG^ and CE = CF being tangents, .'. the peri- 
meter of ABC equals the given perimeter; hence ABC is the 
tnangle required. 

EXERCISE 106. 

Given the perimeter^ the vertical angle, and the line bisecting the 
vertical angle : construct the triangle, 

(Fig. 106, Plate VIII.)— Let BA, BC, the halves of the 
given perimeter, be placed so as to contain an angle equal to 
the given angle, and let AFC be the circle to which they are 
tangents ; draw BM bisecting the vertical angle and equal to 
the given bisector ; draw the tangent DFMEy meeting the 
tangents at D and E : DBE is the triangle required. 

Because BM^ the given bisector, bisects the given angle BBC, 
and BF = BA^ and EF = EC^ the perimeter of triangle 
BBE =» the given perimeter, and BBE is the triangle required. 

EXERCISE 107. 

Give/n the base and vertical angle of a triangle: to find the locus 
of the vertex. , 

(Pig. 107, Plate VIII.)— On the given base AB describe 
the segment A CB containing an angle equal to the given angle 
(III. 33) : the arc ACB is the required locus, for any tri- 
angle ACB having its vertex in the arc satisfies the required 
conditions. 

EXERCISE 108. 

Given the base and vertical angle of a triangle : to find the locus 
of the intersection of the perpendiculars on the sides from the 
opposite angles. 

(Pig. 108, Plate yill.)— Let ^^£7 be a triangle satisfy- 
ing the necessary conditions, AC being the given base, and ABC 
th« given angle ; AE^ BB, and CF perpendiculars on the sides 
BCi ACy and AB respectively, intersecting in the point M. 

Now, since the angles at F, E are right angles, the angles 
FBE, FME are also equal to two right angles, but FBE is 
given, and .*. FME or AMC is constant, hence the locus of the 
intersection of the perpendiculars is in segment described on 
i4C, the given line, containing an angle equal to the supplement 
of the given angle. 
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EXERCISE 109. 

Given the hose and vertical angle of a triangle : to find the locus 
of the intersection of the bisectors of the angles. 

(Pig. 109, Plate VIII.)— Let ^^C be a triangle whose 
base A C equals the given base, and angle ABC the given angle ; 
let the bisectors of the angles at A and C meet at AD, 

The angle ADC is constant because it is equal to half the 
sum of the angles at A and C, together with the angle at B 
(I. 32), and .*. the required locus is in the arc of the segment 
described on AC containing an angle equal to the given angle 
and half its supplement. 

EXERCISE 110. 
AB is a fixed chord of a circle^ AC is a movable cltord of the 
same circle ; a parallelogram is described of which AB and AC are 
adjacent sides : find the locus of the middle points of the diagonals 
of the parallelogram, 

(Pig. 110, Plate VIII.)— Let AB ond AC hQ the two 
chords in the circle A CB, A B being fixed and A C movable ; 
and let ACNB be a parallelogram ; it is required to find the 
locus of the middle point of the diagonals. 

Join B and K the centre of the circle, and on BK as diameter 
describe a circle meeting the line AN in M] the point M is 
the middle point of both diagonals and its locus is in the 
circumference of KMB. 

Because the circle KMB is described on the radius of the 
circle ACB, the chord BC from B is bisected {Ex. 4) in M) 
that is, BM = C^f. But the diagonals of every parallelogram 
bisect each other (1. 34) ; and therefore J iV" is also bisected mM, 

Note, — The diagonal AN will be a maximum when it passes 
through the centre of the smaller circle ; for it will be double 
of A Wy which (III. 8) is the longest line from A to any point 
in the circle B WMK. 

EXHIiCISE 111. 
Let and C be am/ fi.ved points on the circumference of a circle, 
and OA any cliord: then if AC be joined and produced to B, so 
that OB is equal to OA , the locus of B is an equal circle, 

(Pig. Ill, Plate VIII.)--Join OC, 

Because the angle at il => angle at B^ whatever segment B 
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is in on the line 0(7, is similar to the segment OAG {Def, 11) ; 
and similar segments on equal straight lines, or on the same 
straight line, are equal (III. 24). 

EXERCISE 112. 

Find a point in a given straight line from which the tangent 
dravm to a given circle is of a given length. 

(Pig. 112, Plate VIII.) — Let ^ J? be a given straight line, 
and UDE a given circle ; it is required to find a point in il^ 
from which the tangent to HDE shall be equal to a given 
straight line. 

From (7, the centre of the given circle, with distance equal 
to the line, the square on which is equal to sum of the squares 
on the radius of HDE and the given line, describe a circle 
cutting the line -4^ in the point P : then P is the required 
point. 

Join CP ; from P draw the tangent PD, and join CD, 

CP^ = CD^ + DP^ (I. 47), and since CD is a radius, PD 
equals the given line. 

EXERCISE 113. 

If a circle cuts another circle given in position at right angles, 
and also passes through a fixed point, prove that it must pass 
through another fix id point 

(Pig. 113, Plate VIII.)— Let ABPM be a circle cutting 
another circle AHB^ given in position, at right angles, and pass 
through the fixed point P ; it must also pass through another 
fixed point E, 

AC v& {Hyp.) a tangent to the circle ABPM, and /. the 
rectangle PCCE ^ AC^ (III. 36) ; and as the circle ABPM 
must pass through the fixed point P {Hyp.), and P and C are 
joined, the point E is also a fixed point; for the line PC 
cannot cut the circle in any other point 

; .,-., ., . EXERCISE 114. 

^ V. Prom\^^gi^nn povnt without a circle, at a distance from the 
circumference nbt greater than its diameter, draw a straight line to 
the concave circumference whidi shall he bisected by the convex 

^r§fpf^fij:^7mrjt).UuW/ ,A ti. . .. .^. .; -id, '»^ijj;:>'.a 
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(Pig. 114, Plate VIII.)— I^t P be the given point, and 
HQM the given circle. 

On the tangent PQ describe the right-angled isosceles tri- 
angle PXQ ; produce PX to L making XL = XQ^ and with 
P as centre, and PL as distance, describe an arc cutting the 
circumference in H\ draw PJET cutting the circumference in M : 
PH is the line required. 

PQ2 „ px^ + 0X« - LP'PX = HPPM (I. 47), and 
(III. 36), but PL - PH, :. PX - PM, hence PZT is bisected 
in the point Jf. 

EXERCISE 115, 

U 18 the middle point of a aemicircular arc ABB, and CDE is 
any chord cutting the diameter at 2>, and the circle at C : show 
that the square on CE is twice the quadrilateral AEBC, 

(Pig. 115, Plate VIII.)— From C draw CH parallel to 
AB, and meeting EK produced at H ; and join CK, 

CE^ = cm + Em (I. 47) ; but Em = EK^ + Km + 
2EKKH (II. 4) ; therefore CE^ = Cm + EK^ + Km + 
2EKKH {Ax, 1). Again, Cm + Km = CK^ (I. 47), .'. 
CE^ = EK^ + cm + 2EK'KH = 2 Am + 2EK'KH, 

Now, 2Am = 2^ig'^ (I. 41) ; and 2EKKH = ABKH = 
2il(7^; and .". CE^ ^ 2AEB + 2,ACB = twice the quadri- 
lateral AEBC {Ax, 1). 

EXERCISE 116. 

The circle described through any two of the angular points of a 
triangle and the intersection of the perpendiculars from the angles 
on the opposite sides vnll be equal to the circumscribing circle of the 
triangle. 

(Pig. 116, Plate VIII.)— Let ABC be a triangle, and 
let AF, BD, GE be perpendiculars on the sides from the 
opposite angles, intersecting in G ; let the circle BGCH be 
described through the points By G^ G ; then the circle BGCH 
will be equal to the circle circumscribing the triangle ABC, 

Because the angles at D and E are right angles, the sum of 
the angles EAD and EGD = two right angles ; but angle EGD 
= angle BGC (I. 15), .'. angles BAG and BGC = two right 
angles {Ax, 1). Again, the angles BUG and BGC are = two 
right angles (III. 22), .*. the angles BAG and BGC « the 
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angles BHC and BGC {Ax. 1), and hence the angle BAC = 
BHC^ and the segment BA C is similar to the segment BHCy 
and, being on the eanio straight line BG^ they are equal 
(III. 24) ; and the entire circle BA G = circle BHG, 

EXERCISE 117. 
If AB and GD he two chords of a circle which cut at right 
angles at E, f/rove that the sum of the arcs AD aiui BG is equal to 
the sum of the arcs AG and BD. 

(Pig. 117, Plate VIII.)— Because the angle AED is 
measured by half the sum of the two arcs AD and BG^ and the 
angle BED is measured by half the sum of the two arcs AG 
and BDy the sum of the two arcs AD and BG = sum of the 
two arcs A G and BD, the angles at E being right angles. 

EXERCISE 118. 

Through B, a point inside a circle DGN, draiv a line so that the 
difference of the segments of the intercepted chord shall he equal to 
a given line. 

(Pig. 118, Plate VIII.)— Join B with the centre A, and 
with AB as radius, describe the circle MBR ; with jB as centre, 
and the given line as radius, describe an arc cutting the circum- 
ference of MBR in M ; join i?J/, and produce it both ways to 
meet the outer circumference at D and G : DBG is the line 
required. 

For, draw AL perpendicular to DG \ then (III. 3) LD » 
ZC, and LM « LB^ .'. DM =» BG; hence the difference 
between DB and BG =« MB^ or the given line. 

EXERCISE 119, 

1/ ct quadrilateral he described ahout a circle^ the angles sub- 
tended at the autre of the circle hy any two opposite sides of the 
figure are tf^gether equal to two right angles. 

(Pig. 119, Plate VIII.)— Let ABDEhe a quadrilateral 
described about the circle FGHK, and let the angular points 
be joined with the centre C; then the angles AGB and EGD 
are together equal to two right angles. 

Because the angles of the quadrilateral, which are equal to 
lour right angles, are bisected by the lines AGy BG, DC, and 
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EC^ their halves are tog(^ther equal to two right angles, ,\ 
the angles BAG, ABC, CED, and CDE are together equal to 
two right angles j but the angles JiAC, ABCy and ACB are 
also equal to two right aiigles (I. 32), .*. the angle ACB =« 
the two angles CED and CDE. In the same manner it will 
at once be seen that the angle ECI) — the two angles CAB 
and CBA^ .*. the two angles ACB and i?CZ> are together equal 
to the angles ABC, BAC, EDC, and DEC, and hence ACB 
and ECD are together equal to two right angles. 

EXERCISE 120. 

Show that the four straight lines bisecting the angles of any 
quadrilateral form a quadrilateral which can be inscribed in a 
circle, 

(Fig. 120, Plate VIII.)— Li>t A BCD bo a quadrilateral, 
its angles being bisected by A G, BG, CH, DU\ and let ^G^, DH 
met^t in F, and BG, Cllin E. In the triangle AFD, the three 
angles are (J. 32) equal to two right angles; and in the 
triangle BEC, the three angles are, in like manner, equal to 
two right angles ; but (/////>.) the four angles FAD, FDA, EBCy 
and FCB are together e.juul to two right angles, being equal 
to half the four angles of A BCD \ hence the two angles at E 
and F are equal to two right angles, and .*. the two angles 
EHF and EGF are together e^ual to two right angles, and a 
circle can be described about the figure EGFH (III, 22). 

EXERCISE 121. 

If two circles can be described so that each touches the other and 
three of the sides of a quadrilateral Jigure, then the difference between 
the sums of the opposite sides is double the common tangent drawn 
across the quadrilateral. 

(Pig. 121, Plate IX.)— Let ABCD be a quadrilateral 
figure, and let the two circles UKMS and GSXP touch each 
other, and let each also touch three sides of the quadri- 
lateral ; then {AB + DC) — (AD + BC) = 2EF, the common 
tangent at the point of contact drawn across the quadrilateral. 

Because AEFD is a quadrilateral described about a circle, 
AE + DF = AD + EF', for the same reason EB + FC ^ 
EF + BC; and /. {A.v, 1) AE + DF + EB + FC - JZ> + 
BC + 2EF, or AB -h DC ^ AD + BC + 2EFi and /. 2EF 
is equal to the ditierence between the sum of AB and DC 
and the sum oi AD and BC, 
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EXERCISE 122. 
A circle is descnhed on the shorter diagonal of a rhombus as a 
diameter, and cuts the sides ; and the j)oints of intersection are 
joined crosswise untk the extremities of that diagonal : show that the 
parallelogram thus formed is a rhombus with angles equal to tliose 
of the first 

(Fig. 122, Plate IK.)— Let ABCD be the rhombus whose 
shorter diagonal u AC upon which as diameter the circle 
AEFCGH is described. Because AD ^ CD, the angle 
DAC -^ angle DC A (I. 6) ; and the angle HAQ ^ angle ffCG 
(III. 21), /. the angle MAC '^ angle MCA {Ass. 3), and the 
side MA :« side MC (I. 6). In like manner it will be seen 
that KA — KC. Again, because the angle at ^ » aJigle at D 
(I. 34), the angles BFA and DGA right angles (III. 31), 
and the side BA » side DA {Hyp. ), the triangles DA and 
BAF are equal in every respect (I. 26), and the side BF -« 
side DG ; but {Eyp.) DC - BC, /. GC - FC {Ax. 3), and 
the arc GUfC = arc CWF (III. 28), and the angle GAC ^ 
angle FAC (III. 27), .*. the triangles AMC and EAC axe 
equal in every respect (I. 26), and the sides AK and KC are 
equal to MA and MC, the angle MAK = angle MCK, and 
the angle AMC — angle AKC (I. 34). Again, the angles 
HDG and HMG or AMC are together equal to two right 
angles, and the angles KAM and AMC are also equal to two 
right angles (I. 29), .'. KAM = ADC {Ax. 1), and DAB = 
AMC. Therefore AMCK is a rhombus whose angles are equal 
to those of ABCD. 

EXERCISE 123. 
If two circles cut each other, any two parallel straight lines 
drawn through the points of sections to cut the circles are equal. 

(Pig. 123, Plate IX.)— Let AEFC and EFDB be two 
circles cutting each other in the points E and F ; and let AB 
and CD be parallel chords passing through E and F : then AB 
and CD are equal. 

Draw BD, EF, AC. 

Because AEFC is a quadrilateral inscribed in a circle, EFD 
^ EAC ', iov a. similar reason EFC = EBD, /. EAC, EBD 
equal two right angles, and /. ^C is parallel to BD (I. 28), 
hence ABDC is a parallelogram, and AB = CD (I. 34). 

Otherwise — From the centres M, N of the circles let fall 
the perpendiculars MK, MQ, NR, NU on the parallels, and 
let the points K, Bheon the line AB. 
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MQ, MK are in the same straight line, because they are 
perpendiculars to the parallels ; for a similar reason FXR is a 
straight line, .'. QKEII is a rectangle, and KR = Qli (I. 34), 
but since the perpendiculars bisect the chords on which they 
fall (III 3), .-. AB is double of KR, and CD is double of QII, 
:. AB = CD. 

. EXERCISE 124. 

Two circles whose centres are A and B intersect at C ; through 
C two chords DCE and FCG are drawn equally inclined to AB, 
and terminated by the circles : show that DE and FG are equal 

(Pig. 124, Plate IX.)— From A and B draw AH, BN 
perpendicular to DE and AM, BK perpendicular to FG ; from 
A, B draw AG, BP parallel to FG and DE respectively. 

Because DE = 27/i\r (HI. 3), and FG = 2MK, and that 
EN = BP, and MK = AG ; /. DE = 2BP, and FG = 2A0. 
Again, since DE and FG are equally inclined (Hyp.) to AB, 
their parallels BP and AG are equally inclined to AB, .'. the 
angle PDA = angle GAB. But the angles APB and AGB&re 
(Cons.) right angles, and the side AB is common to the two 
triangles ABP and GAB, .*. (I. 26) BP ^ AG ; &nd since 
DE = 2BP, and FG = 2^1 G, .*. (Ax. 6) DE = FG. 

EXERCISE 125. 

Through either of the points of intersection of two given circles 
to draw the greatest possible straight line terminated both ways by 
the two circumferences. 

(Fig. 125, Plate IX.)— Let ECWN and DFSN be two 
circles intersecting each other in N and P ; it is required to 
draw either through N or P the longest possible straight line 
terminated both "ways by the circumferences of both circles. 

Join A and B, the centres of both circles ; through P, one 
of the points of intersection, draw CD parallel to AB ] then 
CD is the longest possible straight line that can be drawn 
through P and terminated both ways by the circumferences. 
Let EF be any other such line ; CD is greater than EF. From 
A, B draw AG, BM perponilicular to CD, and AK, BIT 
perpendicular to FJ^ \ aud from /> draw BT ])arallel to EF, 
meeting AK in T. The angle UTA is a riglit angle, and (I. 17) 
the angle BAT is less than a right angle, /. AB is greater 
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than BT (I. 19) ; but AB = GM, and TB « KH (I. 34), 
and /. 6^ Jf is greater than A"//; andsmce CD = 26^3/(111. 3), 
and EF -= 2KII, .*. CD is greater than EF; hence CD is the 
greatest possible straight line that can be drawn through P, 
and, etc. 

EXERCISE 126. 

• 

Draw through one of the points in which any two circles cut one 
another a straight line which shall he terminated hy their circum- 
ferences and bisected in their point of section, 

(Pig. 126, Plate IX.) — Bisect the line ^^, joining their 
centres, in the point aS' ; join aS' with one of their points of 
intersection Z, and through L draw NLR at right angles to 
SL terminated by the circles at N and R : NE is the line 
required. 

Let fall the perpendiculars A C, BD, on ^jR, and draw BM 
at right angles to A C. 

Because SL is drawn parallel to ^C from the point of 
bisection of AB, it .'. bisects JIB or CD (Ex. 133, Part I.), 
but liL is double of CL and BL double of DL (III. 3), .'. 
]!^L = BL. 

EXERCISE 127. 

Two circles cut each other at a point A : it is required to draw 
through A a straight line so that the extreme length of it inters 
cepted by the two circles may be eqnal to that of a given straight 
line, 

(Pig. 127, Plate IX.)— Join C and K the centres of the 
two circles ; and on CK describe a semicircle. From K, with 
distance equal to half the given line, describe an arc cutting 
the arc of the semicircle in D ; through A draw EF parallel to 
DK : then EF is equal to the given straight line. From jfiT 
draw KH perpendicular to FE ; join CD, and produce it to 
meet FE in G, 

The angle CDK, in a semicircle, is a right angle (III. 31) ; 
and since EF is parallel to DK the angle CGE is also a right 
angle (I. 29) ; and since (III. 3) CG and KH bisect FA 
and AE, FA ->r AE, or FE is double of KD ; and /, FE = 
the given straight line. 
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EXERCISE 128. 

Draw a right line through a point of intersection of two drdee^ 
so that the difference of the intercepted segments shall he equal to a 
given straight Une. 

(Pig. 128, Plate IX.)— With 2), one of the points of 
intersection of the given circles NDQy SDQy whose centres are 
A^ By respectively, as centre, and half the given difference as 
radius, describe a circle; and from if, the middle point of AB^ 
draw a tangent touching this in C ; join CD, and produce it both 
ways meeting the circles NDQ^ SDQ inN^S respectively : NS 
is tiie line required. 

Draw ABy BK perpendicular to NS, 

Because MC is a tangent^ and is drawn from the middle 
point of ABy .\ MOD is a right angle, and BC « CK^ hence 
CD is the difference between BD and DKy .*. the difference 
between ND and DS equab twice C2>, or the given Una 

EXERCISE 129. 
Draw a right line through a point of intersection of two circles^ 

so that the rectangle under the intercepted segments shall be equal 
to a given quantity, 

(Fig. 129, Plate IX.)— Let Z, Z be the points of inter- 
section of the circles LKAy LKB^ and let K be the point 
through which the line is to be drawn. 

Join LK and produce it to Jf, making LK'KM equal to the 
given quantity ; draw MA meeting LKA in A^ and making the 
angle at M equal to the angle on the segment LBK ; join AK 
and produce it to meet LKB in B : AKB is the line required. 

Join LB, 

The angle at M equab the angle at B (Cons,), .'. the points 
Ay Ly By M sjtQ lu tho circumference of a circle, and hence 
(in. 36) AK'KB equals ZiT-JTif or the given quantity; .\ 
AKB is the line required. 

EXERCISE 130. 
Draw from a given point in the circumference of a given circle, a 

chord which shall he bisected by its point of intersection unth a given 
chord of the circle 

(Fig. 130, Plate IX.)— Let PAFB be the given circle, 
AB tk given chord, and F a given point in the circumference ; 
it is required to draw from P a chord which shall be bisected 
by the chord AB. 



70 BXEBCIBISS. 



Join P and C the centre of the given circle ; on PC describe 
a semicircle, cutting the chord ABiuE \ through E draw PEF\ 
then PF is bisected in E, Draw CE, 

Because PGEC is a semicircle, the angle PEC is a right 
angle (III. 31) ; and /. the chord PF is bisected at E by EC 

(III. 3). 

As the arc of the semicircle cuts the chord ABm two places, 
as at ^ and 6?, there can then be drawn two chords from the 
given point P, each of which shall be bisected in these two 
points E and G. If the arc of the semicircle only touch the 
chord il^, there can be only one solution. 

EXERCISE 131. 

To draw a straight line cutting two concentric circles^ so that the 
part of it intercepted hy the circumference of the greater may he 
double the part intercepted by that of the less. 

(Pig. 131, Plate IX.)-~Let i?7>Jrand EAMhe two con- 
centric circles, C being the centre ; it is required to draw a 
straight line cutting both circles, so that the chord of the 
larger circle may be double of the chord of the smaller circle. 

From G draw any radius CAy which produce, making the 
part produced, AB, equal to CA ; on AB describe the circle 
ADB, cutting, when possible, the circle FDN in D ; draw the 
straight line DAEF^ which will be the required straight line. 
From C let fall CH perpendicular to AE. 

In the triangles ADB and ACH^ the angles at A are equal 
(I. 15), the angles at D and U are right angles, and AC — 
AB, :. AD = AH (I. 26) = HE-, but AD = EF, hence 
AD + EF ^ AE', and /. DF = 2AE. 

EXERCISE 132. 

In the circumference of a given circle determine a point so 
situated that if chords be drawn from the extremities of a given 
chord of the circle their difference shall be equal to a given straight 
line less than the given chord, 

(Pig. 132, Plate IX.)— Let AC be the given chord, and 
ABC the given circle. 

On AC describe the segment A KG containing an angle equal 
to the angle in the segment ABC, together with half iU supple-. 
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ment ; with A as centre, and the given difference as radius, 
describe an arc cutting ARC in K] join AK and produce it to 
meet the outer circumference at -B : j6 is the point required. 

AKG = ABC + BCK (I. 32), .*. BCK equals half the 
complement of ABC, and /. equals BKC which must be the 
remaining half complement ; hence BK = BC (I. 6), .*. the 
difference between BA, BC equals AKy or the given difference. 

Ej^EROISE 133. 

* 

Oiie circle touches another internally at the point 4 : it is 
required to draw from A a straight line such that the part of it 
between the circles may he equal to a given straight line^ which is 
not greater than the difference between the diameters of the circles, 

(Pig. 133, Plate IX.)— Let AB be the diameter of the 
outer circle and AE that of the inner, these being in the 
same straight line (III. 6). On BE describe a semicircle 
BKE^ and with E as centre, and the given line as distance, 
describe an arc cutting the semicircle in K ; join EK^ BK and 
produce BK to meet the outer circumference at C, and draw 
CA cutting the circumference of the less circle at D : CD is 
the line required. 

For since the angles at K^ C, D are right angles (III. 31), 
KCDE is a rectangle, and .*. CD = KE (I. 34) = the given 
line. 

EXERCISE 134. 
If from: the extremities of the diameter of a semicircle perpendi- 
culars he let fall on any line cutting the semicircle] the parts inter- 
cepted between those perpendiculars and the circumference are equals 
and the smaller perpendicular is equal to that part of the greater 
which is exterior to the circumference. 

(Pig. 134, Plate IX.)— Let AB, BKR be the perpendi- 
culars on DB, which cuts the arc in iVand Q : DN = QR and 
AD = KB. 

Join AK, and draw CML perpendicular to DR cutting AK 
in M. 

The angles at K are right (III. 31), .'. 4^ is a rectangle, 
/. AD = KR ; and since CL bisects NQ (III. 3) it also 
bisects AK or DR, .*. DN = C^^'- 
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EXERCISE 135. 

If perpencUculara AR^ B8 he let faU from the extremities of a 
diameter A B of the circle ADB^ on the chord CD which cute the 
diameter : the intercepts CB and DS are equal 

(Pig. 136, Plate IX.)— Draw SA, and throngh K, the 
centre, draw J£KL parallel to A B or BS, meeting SA and CD 
in M and L respectively. 

In the triangle ABS, because KM is drawn from the middle 
point of AB parallel to the base BS, it bisects the side SA ; 
and for a similar reason, in triangle ASB^ ML drawn from the 
middle point of SA parallel to the base AB, bisects SB ; but 
CD is aJso bisected in the point 2/, KL being at right angles to 
it from the centre, .'. the parts CB, DS are equal * 

EXERCISE 136. 

Through a point C in the circumference of a circle two straight 
lines ACB and DGE are dratun cutting the circle at B and E i 
show that the straight line which bisects the angles AGE and DOB 
meets the circle at a point equidistant from B and E, 

(Pig. 136, Plate X.)— Let the straight line FG bisecting 
the angles ACE and DGB meet the circle at F , the point F is 
equidistant from B and E, 

Draw FE and BE. 

Because FCBE is a quadrilateral, the angles FCB and FEB 
are together equal to two right angles (III. 22) ; but the 
angles FCB and FGA are also equal to two right angles (1. 13), 
;. AGF^ FEB {Ax. 3) ; but AGE ^ FGE (Hyp.), /. FCE 
- FEB, and the arc FEE = arc FCB (III. 26), and /. the 
chord FE « the chord FB (III. 29). 

EXERCISE 137. 

If a circle he described about an equilateral triangle, and any 
point be taken in the circumference, the sum of the lines drawn from 
that point to the two adjacent angles shall he equal to the line drawn 
from the same point to the opposite angle. 

(Fig. 137, Plate X.)— Let ABC be the equilateral tri- 
angle, and D any point in the ciroumscribine circle : ioin DA. 
PB, DC : DA + DC '^ DB. ^ 
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Produce DC to K, making CK « AD and join BK. 

Because ABGD is a quadrilateral inscribed in a circle, .'. 
the angles BAD, ^C^areequal,and^-4,ili> = ^C, CK, /. the 
triangles DBA, KBC are equal (I. 4), whence DB = BK, 
but BDK is the angle of an equilateral triangle ; .'. DBK is 
an equilateral triangle, and /. DB = DK = DC + DA, 

Otherwise, make DE — DA and join ilj^; the angles ilZ)^, 
ACB are equal, /. ADE is an equilateral triangle, whence 
BAC » DAE'y take the common angle away, and the re- 
mainders BAE, CAD are equal; /. triangles BAE, CAD are 
equal (I. 4), whence DC ^ BE\ :.DA^ DC ^ DB. 

EXERCISE 138. 

A i§ a given point: it is required to draw from A two straight 
lines which shall contain a given angle and intercept on a given 
straight line apart of given length, 

(Pig. 138, Plate X.)— From BC, the given indefinite 
straight line, cut off DE equal to the given finite straight line ; 
on DE describe the segment DFE containing an angle equal 
to the given angle (III. 33) ; through A draw AF parallel to 
BC, and meeting the arc in F ; join DF and EF, and through 
A draw AG parallel to FD, ajid AC parallel to FE : then GC 
is the portion required, and the angle GAG is equal to the 
given angla 

Because DF is parallel to GA and EF to CA, the angle 
DFE = angle GAC ; &nd DF ^ GA, and EF - CA (I. 34) ; 
therefore the triangles DFE and GAG are equal in every 
respect (I. 4) ; and the base DE = base GC ; but DE = the 
definite straight line, /, GC = the definite straight line {Ax, 1), 
and the angle GAG » the given angle, since it is equal to the 
angle DFE. 

EXERCISE 139. 

Of aU straight lines which can be drawn from two given points 
to meet in the convex circumference of a given circle, the sum of the 
two is least, or a minimum, which make equal angles with the 
tangent at the point of concourse. 

(Pig. 139, Plate X.)— Let C and i> be two points 
without the circle PGU, such that the straight line CF and 
DF make equal angles — viz., CFA and DFB^ with AB, the 
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tangent at P : then CP and DP are together less than the sum 
of any other two straight lines drawn from C and D to any 
other point in the curve. 

Let CG and DGhQ two other straight lines drawn from C 
and Dto G & point in the curve. Join D and *S', where the 
line CG cuts the tangent AJB. DG and 6^aS' are together greater 
than DS (I. 20) ; to each of these add SG, and DG and GC 
are greater than DS and SG ; but DS and SC are {Ex. 149, 
Part I.) greater than DP and PC, /. DG and GC are much 
greater than DP and P(7 ; hence DP and PC are less than any 
other two straight lines drawn from D and C to any point in 
the curve, ,'. they are the least, or a minimum. 

EXERCISE 140. 
A and B are two fixed points without a circle PQR ; it is 

required to find a point P in the circumference, so that the sum of 

the squares described on AP and BP may he the least j^ossible. 

(Pig. 140, Plate X.) — Bisect the line joining^ J?, in if; 
join M with the centre K, and let MK cut the circumference 
in P ; P is the point required. 

Join AP, BP. 

AP^ + BP^ = 2AM^ + 2MP^ {Ex. 255, Part I.) ; but MP 
is the least possible line that can be drawn from M to the 
circumference (III. 8), /. -4P^ + BP^ is a minimum. 

EXERCISE 141. 
If a commcn tangent be drawn to any number of circles which 
touch one another internally in the same point ; and from any point 
in this tangent, as centre, a circle be described cutting the others l 
and from this centre lines be drawn through the intersections of the 
circles respectively : tlie segments of them within each circlt tvill be 

equal. 

(Pig. 141, Plate X.) — Let the circles touch each other 
in the point A ; let PB be a common tangent at the point A ; 
from any point P, in the tangent, as centre, let a circle be 
described cutting the others in C, D, E ; from P let the three 
lines PG, PH, PK be drawn, meeting the circumferences afi;ain 
in G, H, K; then CG, DII, and EK are equal. 

Because the rectangles GP'PC, HPPD, KPPE are each 
equal to AP^ (III. 36), and that CP ^ DP ^ EP, ' (Ax. 3) 
CG - DII -^ EK. 
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EXERCISE 142. 

Find t?ie centre of a circle such that the tangents drawn to it 
from three given points A^ B, C shall be equal, 

(Pig. 142, Plate X.)— Join BA, B€, and from their 
middle points draw EF, DF at right angles to them respectively 
meeting at i^ : F is the required point. 

Join FA, FB, FC, and produce them to meet the circum- 
ference of any circle, M]\^S, described with F as centre, and 
radius less than AF, in i?, A^, L. Triangles AFF, BFE are equal 
(I. 4), .*. AF -=^ BF\ for a similar reason CF = BF, hence 
AF = BF= CF, but MF ^ NF = SF, .*. AM = BN ^ CS, 
and RA'AM = KBBN = LCCS ; and hence tangents drawn 
from the points, -4, -6, C, to the circle would be equal (III 36). 

EXERCISE 143. 

Given a straight line and tivo points on the same side of it ; find 
a point in the given line at which the two given points shall subtend 
the greatest angle, 

(Pig. 143, Plate X.) — Let KS be the given straight line, 
and A, B the given points. Join AB, 

Describe a circle ABL, passing through A, B, and touching 
KS in L : Z is the point required. 

Take any other point iV; join AL, BL, AN, J5JV and let J5iV 
cut the circumference in M\ draw 4-^- 

AMB = ALB (III. 21), but AMB is greater than ANB 
(I. 16), .'. A LB is greater than ANB, 



EXERCISE 144. 

AB is a diameter of a circle ; AC and AD are two chords 
meeting the tangent at B, at E, and F respectively : show that the 
angles FCE, FDE are equal 

(Pig. 144, Plate X.)— Join BC, BD, and DC. DBF = 
DCB (III. 32), and FDB = BCE (III. 22 and I. 13), 

whence DCE + DFE = the angles of triangle FDB = two 
right angles ; /. the quadrilateral FDCE is inscribable in a 
circle, wherefore the angles FCE^ FDE are equal (III, 21). 
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EXERCISE 145. 

If one circle touch another internally y any chord of the greater 
circle which touches the less shall he divided at the point of 
its contact into segments which subtend equal angles at the point of 
contact of the two circles. 

(Pig. 146, Plate X.)— Let ACBP and PEDF be two 
circles, of which PEDF touches A CBP internally in the point 
P, and \%t ABhQ any chord of the greater touching the less at 
D ; then AD and DB subtend equal angles at the point P. 
Through D draw PDC \ join PA, PB, AG, BC, and ED, 
Because PC cuts off similar segments from each of these 
circles {Ex, 43, Part IL), the angles DEP and CAP are equal, 
and the line -4(7 is parallel to ED (I. 28), .*. the angle DAC 
= angle ADE (I. 29). But the angle DAC, i.e., BAC, = 
angle BPC, i.e., BPD, /. the angle ADE = angle BPD 
{Ax. 1). But the angle ADE = the angle EPD (III. 32), 
/. the angle BPD = angle EPD. 

EXERCISE 146. 

If two circles touch externally, and if a right line he drawn 
cutting both, and if the four points of intersection he joined wit/ithe 
point of contact, prove that the angle contained hy the extreme lines 
is supplemental to that contained hy the intermediate lines. 

Pig. 146, Plate X.)— Let the circles SKM, Zi^if touch 
in the point M, and SL the line cutting them inS, B and L, B 
respectively; join ML, MS, MB, MK: ihenSML and KifB 
are supplemental 

Through M draw the common tangent WMG ; then WME 
= KSM (III. 32), and WMB = BLM, /. KMB - KSM + 
ELM, and is therefore supplemental to SML. 

EXERCISE 147. 

C is the centre of a circle, CP is a perpendicular on a chord 
APB : show that the sum of CP and AP is greatest when CP is 
equal to AP. 

(Pig. 147, Plate X.)— Let DE be any other chord ; from 
C draw CF perpendicular to DE', join AC and CD. 
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AC^ « ilJP« + PC« - 2AP^ (ffyp); and DC^ - DF*-^ 
FG^ ; but AC^ = DC\ :. 2AP^ « DF^ + i^C« {Ax. 1) : that 
is, AP^ + P^2 = Di^a + FC^ ; and .'. the sum of DF and 
FC must be less than AB (II. 9), that is, of AP + PC. If 
the sum of DF and FC were equal to ^^, their squares would 
be greater than the squares of AP and PB^ or of AP 9XA PC* 

EXERCISE 148. 

ABC ia a right-angled triangle ; from any point D in the hypo* 
tenwe BC a straight line is drawn at right angles to BC^ meeting 
CA at E and BA produced at F : show that the square on DB ia 
equal to the difference of the rectangles BD*DC and AH'JEC; and 
that the square on DF is equeU to the sum of the rectangles BD'DO 
and AF'FB. 

{Fig. 148, Plate X.)— Join FC. 

Because the angles at A and D are right angles, the quadri« 
lateral AEDB is inscribable in a circle (III. 2§, Cor.) ; and .\ 
the rectangle BC*CD = rectangle A C'CE. But rectangle BC'CD 
= BD'DC + DC^ (11. 3), and ACCE = AEEC + EC^; 
iheretoreBD'DC + DC^ = AEEC + EC^ = AEEC + ED^ 
+ DC^ (I. 47). From these equals take DC^y and BDDC « 
AEEC + ED\ or ED^ =. BDDC— AEEC. 

Again, because the angles at A and D are right angles, the 
points A and D are in the circumference of the circle described 
on the hypotenuse FC (III. 31) ; and .'. the rectangle AE'EC 
= rectangle FEED (III. 35), and hence FEED + ED^ m 
AEEC + ED^ {Ax, 2). But AEEC + ED^ - BDDC {1st 
part), /. FEED + ED^ or DEED (II. 3) = BDDC. But 
DFFE « BFFA ; and DFFE + DEED - FD^ (II. 2) J 
.-. BFFA + BDDC « Pi>2. 

EXERCISE 149. 

Let ACDB be a semicircle whose diameter is AB ; cmd ADy BC 
any two chords intersecting in P ; then A B^ = DA'AP + CB'BP. 



(Fig. 

(in. 31). 



L49, Plate X.)— Join DB.. i^Jtuta^r^htaM^ 
DA AP = DPP A +PA^; (II. 3)and CBBP~ CPPB 

"+ PB^M^DPPA = CPPB (III. 36), .•; DAAP + CBBP 

^ PA^ + Pmf 2DP'PA -= AB^ (II. 12). 

R 
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EXERCISE 150. 
Two circka ABCD and EBCF^ having the cotnmon tangents 
AE and DF cut each other at B and C, and the chord BC is 
produced to cut the tangents at G and H : show that the square on 
GH exceeds the square on AE or DF by the square on BC. 

(Eig. 160, Hate X.)—ff6^ = HC^ •{• cm + BG^ + 

IHC^B + 2HC'BG + 2CB'BG (II. 4) = 4^6'^ + iHCCB 
,f CB^, because HC - BG. But 4J5G« + ^HCCB = iBG^ + 
40B'BC«iCG'GB{n.3) - iAG^ (HI. 36) = AE^ (11. 4). 
Therefore HG^ - AE^ + Cm {Ax. 1) ; or EG^ is greater 
ihasxAE^ by Cm. 

EXERCISE 151. 

If through ant/ point in the common chord of two circles which 
ikterUctf there be drawn any two other chords^ one in each circle^ 
the&'four extremities shall all lie in the circumference of a circle, 

(Fig. 161, Plate XI.)— Let any two chords CliTQ, BNM 
be drawn through any point N in the common chord AB oi 
the two intersecting circles ABM, ABQ, one in each circle : 
Of Dy Q, M all lie in the circumference of a circle. 

MN'ND = ANNB = CNNQ (III. 36) ; .'. if a circle be 
described passing through the three points C, i>, Q it will also 
pass through the fourth M ; for if not let it pass, if possible, 
through any other point, JT, then DN'NK «= CN'NQy whence 
DN'NK - DNNM, which is absurd, and /. C, i>, Q, M all 
lie in the circumference of a circle. 

' EXERCISE 152. 

If chords he drawn from any fixed point in the circumference of 
a circle^ he cut by another chord which is parallel to the tangent at 
that pointy the rectangle contained by each chords and the part of it 
intercepted between the given point and the given chords is constant, 

(Pig. 162, Plate XI.)— Let M be the point, EI^ the 
tangent, and BQ a chord parallel to the tangent, and let MK, 
MH be any two chords intercepted by RQ in the points S and 
F r<«pectively ; then KM' MS = HMMF. 

Join KH. 

A»gle MMK » augle MUK (III. 32), but EMK » MSF 
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(I. 29), .'. MHK » MSF\ ::MHK + KSF - MSF + KSF \ 
=i two right angles, and .'. a circle can be described about 
the quadrilateral KSFH (III. 22) ; ;. KM MS - HMMF 
(III. 36). 

EXERCISE 153. 

If any chord of a circle be produced equally both tew^ €md 
tangents to the circle be drawn an opposite sides of it from its 
extremities^ the line joining the points of contact bisects the given * 
chord, 

(Fig. 153, Plate XI.)— Let AB be the chord produced 
both ways so that AD ^ BCy DE and O^P tangents on opposite 
sides of 2X7, and EF the line joining the points of contact ; 
then EF bisects the chord AB^ where it intersects it at M. 

Draw CN parallel to DE meeting EF at N^ and produce 
CF to K. 

Triangles DEM^ CNM are equiangular (I. 16> 29) ; and 
DE = CF because BDDA = ACCB, Again, the mgUKFN 
= DEM (III. 32) = CNM, :. GFN = CNF and CN - CF 
(I. 6) =- DE\ :. triangles DEM, CNM are equal (I. 26), 
and DM = CM, but since AD « BC .'. AM = BN. 



EXERCISE 154. 

If from any point in a circular arc perpendiculars be let fall on 
its hounding radii, the distance of their feet is invariable, 

(Pig. 154, Plate XI.)— Let BCD be a circular arc in 
which C is any point; CK, CM the perpendiculars on the 
bounding radii AB, AD: then the distance KM is invariable. 

Join KM and AC. 

The angles at K and ilf are right, .*. AKCMia inscribable 
in a circle whose diameter ii (7 is constant ; and since the angle 
/w4Jf is constant, /. iOf is invariable (III. 26, 29). 

Otherwise — Complete the circle BDQ, and produce CK, 
CM to meet the circumference in H, L respectively ; join JSL. 
Now, because the angles at A, K, M are constant, .'. the angle 
at C and the arc HQL is constant, hence the chord HL is 
constant, and its half KM is invariable, 
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,From a ghen point M as centre describe a circle cutting a 
straight Une SZ^in two points^ so that the rectangle contained by 
their distances from a given point R in SZ may he equal to a given 
square. 

(Fig. 155, Plate XI.) — Join MRy and on it describe the 
semicircle MNR ; witJi JS as centre, and a side of given square as 
distance, describe an arc cutting the semicircle in iT; join i^T^, 
ilTAf, and with MN as radius describe the circle NKL cutting 
SZ in L and K\ L aiid K are the points required. 

For since MN is a radius, and the angle at iT a right angle, 
LRKR - RN^ fJSL 36). 

EXERCISE 1£?6. 

The diameter ACD of a circle, whose centre is (7, is produced to 
P, determine a point F in the line AP such that the rectangle 
PF'PC may he equal to the rectangle PD'PA. 

(Pig. 156, Plate XI.)— Draw the tangent PK and join 
CK; with CK as diameter describe the circle CFK cutting CP 
in F: Fvs the point required. 

Now, since PKi& a tangent to both circles, PFPC « PDPA 

(in. 36). 

EXERCISE 157. 

• • • 

In the diameter produced^ of a circle, determine a point so that 
ihe tangent drawn from it to the circumference shall be of given 
length, 

(Fig. 167, Plate XI.)^Let the diameter ABhe produced 
in the direction AB ad infinitum \ draw BR tB,t right angles to 
AB and equal to the given length ; join R with the centre of 
the «ireie K; make KM « KR : M is the point required. 

Vmm M cbaw the tangent MN (III. 17), and join JOT. 

The sides MK^ KN ^ RK, KB, and the angles at N and B 
areri^t^ :.MN^BR (I. 47). 

EXERCISE 158. 

Through a gii)en point which is outside a circle draw a line 
cutting' ^ circle, so that the rectangle under the whole line and 
pgctemaleegment shall be equal to the square of the intercepted chord. 
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(Pig. 158, Plate XI.)— Let P be the point. 

From the point P draw the tangent PM (III. 17), and 
through P draw PKN so that KN may be equal to PM 
(Ex. 42) : NP'PK = MP^ (III. 36) = KJH^ ^ 

EXEKOISE 159. 
From a given point outside a circle draw a secant such that the 
sum of the squares of the secant and external segment shall he given, 

(Pig. 159, Plate XI.)— Let P be the given point, and DFE 
the given circle ; it is required to draw a secant from P such 
that the sum of the squares on the whole secant and the part 
outside the circle shall be equal to a given square. 

From P draw the tangent PB (III. 17); from the given 
square take twice the square on PB ; and from P draw the 
secant PAC so that the part inside the circle may be equal to 
one side of the difference — viz., of twice PB^ and the given 
square {Ex, 42) : then PC is the secant required. 

CP^ + PA^ = 2CPPA + AC^ (IL 7); but 2CP'PA = 
2PB^ (in. 36); and /. CP^ + PA^ = 2PB^ + AC^ = the 
given square ; and .'. PC is the secant required. 

EXERCISE 160. 
If from, the extremities of the diameter of a circle tangents he 
drawn ; any other tangent to the circle^ terminated hy them^ is so 
divided at the point of contact that the rectangle of its segments 
equals the square of the radius, 

(Pig. 160, Plate XI.— Let MS, KL be tangents from 
the extremities of the diameter MK, and SRL any other tangent 
touching the circle in R and the tangents in the points B, L 
respectively : LR^RS « CI^. 

Join CaS', CL. 

Triangles SMC, SRC are equal (I. 8), .'. angle SCM - 
angle SCR; for a similar reason angle RCL = angle KCL, 
.'. the whole angle SCL -= the sum of the angles SCM, KCL; 
but the sum of the angles SCL, SCM, KCL » two right angles, 
/. SCL is a right angle, whence SL is the diameter of a circle 
passing through C, and CR is at right angles to it, .*. LR'RS 

- CR' (in. 36). 
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EXERCISE 161. 

Given a point outside a circle find another P in the line joining 
vnth the centre^ such that if a tangent PN he drawn to the circle 
the line PN shall he eqtud to OP. 

(Fig. 161, Plate XL)— Let if be the centre of the g^ven 
circle, and let the circumference cut OM in. S ; cut OM in £ 
making OM'MK =» MS^y and bisect OK in P : P is the point 
required. 

On OK describe a semicircle cutting the circumference of 
the given circle in N^ and join MN^ PN, 

OMMK = MS^ = MN\ /. MN is a tangent to KNO 
(III. 37) ; hence PN is also a tangent to SNW and equals 
OP. 

Otherwise — Draw the radius MW at right angles to OJf, 
and join W cutting the circumference at N'y draw NP cutting 
OM in P, and making angle PNO = PON \ join MNi then P 
is the point required. 

For the angles of triangle WMO equal the angles at N on 
one side of W, but since MNW = MWN, and PNO = PON, 
MNP =^ OMW = a right angle, /. PiV is a tangent (IIL 16), 
and because the angles PNO, PON are equal, PO = PN 

EXERCISE 162. 

Descrihe a circle which shall paae through two given points, and 
hisect the circumference of a given circle. 

(Pig. 162, Plate XI.) — Let -4, 5 be the given points and 
MLS the given circle, the centre of which is C. 

Draw AC, cutting the circumference of MLS in M, and 
produce it to iV making AC'CN = CM^ ; describe the circle 
BAN cutting the given circle in jB, a8^: BAN is the circle 
required. 

Join RC. 

RC produced will pass through S, for, if possible, let RC 
produced meet MLS, BAN in L, K respectively. 

Because RCK, NCA are chords of BAN intersecting in C, 
:. AC'CN = RC'CK (HI. 35), but ACCN = CM^ = 
RCCS, ;. RC'CS = RC'CK, and ;. CS or CL = CK, which 
is impossible, hence BAN bisects the circumference of the 
fidven circle. 
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EXERCISE 163. 

Describe a circle which shcUl pass through a given point and 
bisect the circumferences of two given circles. 

(Fig. 163, Plate XI.)— Let ^ and Z be the centres of 
the circles SBJR and KQ V respectively, and P the given point. 

Join PZy PL and produce them to iV and M respectively, 
making the rectangle under the segments of P^ equal to the 
square of the radius of SBB, and the rectangle under the seg- 
ments of PM equal to the square of the radius of KQ V : the 
circle NMP cuts the circumference of the circles in the manner 
required. (See Ex, 162). 

EXERCISE 164. 

Describe a circle which shall bisect the circumferences of three 
given circles, 

(Pig. 164, Plate XI.)— Let ARC, nmhy DBF be the 
given circles, and M^ Ny S their respective centres ; join MSy 
MNy and draw the radii MG^ SH at right angles to MS ; join 
OHy and from Z^ its middle point, draw ZQ at right angles to 
it^ meeting MS in Q, and with Q as centre describe a semicircle 
passing through the points G^ H^ and meeting MS produced 
in a, 5^. 

Now, because aGT is a semicircle, and OM a perpendicular 
on the diameter, .'. TM'Ma = MG^ ; for a similar reason 
AS ST = HS\ 

In like manner produce MN both ways to V and L making 
LM'MV = MG^y and YN'NL = the square of the radius of nmk 

Because TM'Ma = LM'MV ^ 9. circle can be described passing 
through VaLT^ which shall be the circle required. {Vide 
Ex. 162). 

EXERCISE 165. 
Describe a triangle each of whose sides shall pass through a 
given pointy and such that it shall be equilateral with a given triangle, 

(P^. 165, Plate XI.)— Let W, H, S be the points. 

Join SWy SHj and on these describe the segments SKW^ 
SMHy so that the segment onx SW may contain an angle equal 
to one of the angles of the given triangle, and that on SU an 
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angle equal to another, of the same triangle ; through S draw 
KSM touching the arcs in K, M, and equal to the side adjacent 
to the aforesaid angles of the given triangie {Ex, 127). 

Join jnr, MRf and produce them to meet in L : KLM is 
the triangle required (I. 26). 

EXERCISE 166. 
Describe a triangle in a circle, two of whose sides shall pass each 
through a given point, and whose third side shall he parallel to the 
line joining these points. 

(Pig. 166, Plate XII.)— Let KCT be the given circle, 
and Ay B the given points. 

Join AB, and cut it at S, making AB'BS = BT^, a tangent 
drawn to the circle from B) from S draw the tangent 8L 
touching the circle in L \ join BL and produce it to meet the 
circle at C, and draw AC cutting the circle at K) join KL : 
KGL is the triangle required. 

Because ABBS = BT\ and CBBL = BT\ /. ABBS « 
CB'BLy and hence ACLS is circumscribable by a circle, /. 
LSB = LGA, but since SL is a tangent, SLK = LGA 
(III. 32) ; .-. LSB = SLK, hence KL is parallel to .4^ (I. 28), 
and KGL is the triangle required. By drawing another tangent 
from S, and producing as before, we can have another triangle 
satisfying the conditions. 

EXERCISE 167. {Ex, 166, Second Case.) 
Let the points he within the circle. 

(Pig. 167, Plate XII.)— Produce AB both ways to meet 
the circle at R, S, and also produce it to T, making EB'BS = 
AB'BT. Now, because EB is greater than AB, the point T 
must be outside the circle ; from T draw the tangent TL^ 
and produce it to ilf ; join LB, and produce it to meet the 
circle at G, and let GA produced meet the circle at JT; join KL : 
KGL is the triangle required. 

Because GBBL = EBBS^ABBT, the points^, C, 5^, Z are 
in the circumference of a circle, /. LTB = LGK, but MLKbUso 
equals LGK (III. 32), /. LTB = MLK, and hence KL is 
parallel to AB (I. 28), /. KGL is the triangle required. 

If AB be produced in the direction. AR, and a similar 
coilstruction eiSected, it will be found that another triangle 
fulfils the necessary conditions. 
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EXERCISE 168. 

Describe a triangle in a circle, two of whose sides shall pass 
each other through a given point, and whose third side shall be 
parallel to a given line, 

(Pig. 168, Plate XII.)— Let the line BH joining the 
points through which the sides must pass, and the line KS to 
which the base must be parallel, intei-sect in the point i?. Take 
any point Q, in the circumference of the given circle, and draw 
Q W, QX making the angle WQX = HRK, and join WX, 

Again, cut RH in S, mokin^B II 'US equal the square of the 
tangent from H to the circle ; irom S draw SND, cutting the 
circle at N and D, making ND = WX (Kc. 42) ; join HN, 
and produce it to meet the circle again at M; join MEcnt^ng 
the circle in L, and join LN : L2IN is the triangle required. • 

Join LD, 

Now, because RHHS = MHHN, RMNS is inscribable in 
a circle, and NSH = LMN = LDN, /. LD is parallel to RH 
(I. 27), but since ND - WX, NLD = WQX (III. 28, 27) 
= IIRK, :, MLN = MRK, hence LN\% parallel to KR (I. 28), 
.', LMN is the triangle required. 

EXERCISE 169. 

Describe a triangle in a circle, each of whose sides shall pam 
through a given point, 

(Fig. 169, Plate XII.)--Let EDFG be a given circle, 
and A, B, C three given points : it is required to describe a 
triangle in the circle EDFG, so that its sides shall pass through 
A, B, C. 

Make the rectangle AB'BH equal to the square of the 
tangent from B to the given circle EDFG. Inscribe a triangle 
EFG in the given circle, having its two sides EG and FG 
passing through the fixed points C and U, and its base EF 
parallel to the given straight line AB (Ex, 168). Join BG, 
and produce it to meet the circumference again in D ; ^obxDE; 
then DEG is the required triangle. 

For, if possible, let DE produced not pass through A ; and 
let it meet AB in K, 

Because EF is parallel to AB, the angle EFG = angle GHB 
(I. 29) j and the angle EFG = angle EDG (III. 21) ; and 
/. the angle GUB ='m^lcEDG {Ax, 1). But the tatglen 

I 
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GHB and GHK ^ two right angles, .'. the angles EDG and 
GHK B two right angles, and the quadrilateral DEKHG is 
inscribable in a circle (III. 32, Cor.)\ and .*. the rectangle 
DB'BG « rectangle KBBU. But the rectangle DBBG » 
rectangle AB'BH (Com.), since each » the square of the 
tangent from B, Hence the rectangle AB'BU ^ rectangle 
KB'BHf which is impossible ; and /. the triangle EDG is the 
required inscribed triangle. Another triangle, fulfilling the 
required conditions, can also be inscribed in the given circle ; 
for two triangles can be inscribed, having their sides passing 

through H^ C asid their third side parallel to AB, 

• 

EXERCISE 170. 

CKven in position three points A^ By C ; through oneofthem^ C, 
draw a right line so that if from the remaining two the perpendi- 
culars APf BQ be let fall upon it : PC -¥ CQ shall he given, 

(Pig. 170, Plate XII.)— Join CA, CB, and on them 
describe the semicircles CFAy CQB respectively ; through C 
draw PCQ equal to the given line and meeting tiie semicircles 
in P, © (Ex. 127) : PCQ is the line required. 

Join APy BQ. 

The angles at P, Q are right angles (III. 31), .'. PCQ is 
the line required. 

EXERCISE 171. 

Owen in position three points A, By C ; through one of them, C, 
draw a right line so that if from the remaining two the perpendi- 
culars AP and BQ be let fall upon it : PC — CQ shall be given. 

(Fig. 171, Plate XII.)— Describe the semicircle BKA on 
the line joining AB, and in it place J^JT equal to the given line ; 
join AK, and draw CP parallel to BK meeting AK in P : CP 
is the line required. 

Let fall the perpendicular BQ. 

Because the angles at K and Q are right angles, and CP 
parallel to BK, .'. BKPQ is a rectangle, hence QP ^ BK 
(I. 34), .-. PC — CQ^QP^ BK. 

EXERCISE 172. 
Ovm in position three points AfBtCi through one of thcnh C, 
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draw a right line so thcU if from the remaining two the perpendi' 
culara AP and BQ be let fall upon it : PC'CQ shall be given. 

(first case). 

(Pig. 172, Plate XXL)— Join CA, CB; on CB describe 
the semicircle CSBy cutting the circle CSA described, with CA 
as diameter, in S; join C^Si and cut it inZTmaking SC'Cff equal to 
the given quantity ; draw HQ cuttins; the arc CSB in Q and 
making the angle CHQ equal to the angle in the segment CPS ; 
join CQ and produce it to meet the circumference of CSA in P : 
CP is the line required. 

Join BQ, AP, SP. 

CHQ = CPS {Cons.), /. EQPS is inscribable in a circle, 
hence PCCQ = SCCH, or the given quantity, and AP, BQ 
are perpendiculars (III. 31). 

EXERCISE 173. {Ex. 172, Second Case). 

(Fig. 173, Hate XII.)— If the given quantity be greater 
thfiin CS^, produce CS to H making SC*CH equal to the given 
quantity, and draw HP making CHP equal to the angle in the 
segment CQS, and cutting CSA in P \ draw CP cutting the 
arc CSB in Q : CP is the line required. 

Join BQ, AP, SQ. 

CQS = CHP {Cons.), /. QPHS is inscribable in a circle, 
hence PCCQ = SCCH (III. 36), or the given quantity, and 
AP, BQ are perpendiculars (III. 31). 

EXERCISE 174. 

Oiven in position tliree points A, B, C ; through one of them, C, 
draw a right liiie so that if from the remaining two the perpendi- 
culars AP and BQ be let fall upon it, AP + BQshall be given — 
that is, equcd to a given line. 

(Pig. 174, Plate XII.)— Let il, 5, C be the three given 
points. 

Join AC, and produce it, making CD equal to AC ; join BD, 
and on it describe a semicircle, in which place ^^ equal to the 
given line ; join BE ; through C draw QP parallel to BE 
(I. 31) ; from 2> and A draw BH and AP perpendicular to 
QP. 
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Because the angles at P and // are right angles (Cons.)y the 
angle HCD = angle ACP (1. 15), and AC = CD, /. AP^HD. 
Again, because the angle DEB is a riirht angle (III. 31), and 
QP is parallel to DE^ the angle BQP is also a right angle 
(I. 29), and QHDE is a rectangle, and QE = DH = AF; 
and, therefore, BE ^ BQ + QE ^ BQ + Dff ^ BQ + AP. 

EXERCISE 175. 
If two chords intersect at right angles within a drde the sum 
of the squares described on the four segments equals the square 
described upon the diameter. 

(Pig. 175, Plate XII.)— Let the chords AB, CD inter- 
sect at right angles at the point ^ : AE'^ + EB^ + CE^ + ED^ 
«= the square of the diameter BL. 

Draw DB, DL, DA, and AC. 

Because LB is a diameter, the angle LDB is right, and .'. 
equal to AED : also the angle at L ^ BAD (III. 21), /. 
LBD ^ ADE (I. 32), whence LD ^ AG (III. 26, 29), but 
LB^ = Z2>2 + 2>^2 = ^^2 + QEi + 2>^2 + ^E\ 

EXERCISE 176. 
If two chords of a circle intersect at right angles without a circle, 

the sum of the squares of the four segments shall be equal to the 
square of the diameter. 

(Pig. 176, Plate XII.)— Let AB, CB be the chords 
intersecting at jB, and cutting the circle in the points Jf and N" 
respectively: AB'^ + CB^- + BM^ + BN^ ^ (diameter)^. 

Draw MK parallel to (7-5, meeting the circle in K, and join 
KA,KG,Kn^MN. 

Because the angle at M is right, il^ is a diameter. 

AK^ » AC^ -\- KC\ but since BC is parallel to MK, .". 
KO - MN] and il(72 - il^ + BC\ :. AK^ - AB^ + BC^ 
+ BM^ + BN% 

EXERCISE 177. 
Through a point inside a circle draw a line so that the sum of 

the squares of the segments may be given. 

(Pig. 177, Plate XII.)— Through M the given point draw 
AMD, a chord of the given circle, and such that AD'^ may be 
equal to the given square, together with twice the rectangle 
Under the segments of any chord of the given circle drawn 
through the given point: then AD is the Ime required 
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For i4Z)2 = 2AM'MD + AM ^ + MD^ (II. 4), but ^2>2 ^ 
2AM' MD^ together with the square of the given line (C(m8,\ 
.', AM 2 + MD'^ equal the square of the given line. 

EXERCISE 178. 
Draw a chord of a circle parallel to a diameter which shall 
subtend a right angle at a given point in this diameter. 

(Pig. 178, Plate XII.)— Find LH^ = BM^ + SM^, the 
segments into which the diameter JRS is divided at M^ and 
describe the concentric circle WHB, touching a chord of the 
given circle equal to LN (E.c. 42) j draw L WN^ touching 
WUB^ parallel to jR*9, and meeting the outer circle at Ly N : 
LN is the chord required. 

Draw ML, MN. 

LN^ = RM'^ + *S'J/2 == ML^ + MN^ {Ex. 30); /. LMN 
is a right angle (I. 48). 

. EXERCISE 179. 
Through a point given in position within the legs of an angle, 
draw a line so that the rectangle under the segments of this line 
shall he given, 

(Pig. 179, Plate XII.)— Let LSR be the given angle 
and M the given point. 

Join SM and produce it to //, making l^M'MH equal to the 
given rectangle, and on Mil describe the segment MRU con- 
taining an angle equal to LSH (III. 33), cutting SR in R ; 
join RM and produce it to cut SL in L : RL is the line required. 
• Draw HR, 

Because angle LRH = LSH {Cons.) ', the points Z, *S', R, H, 
are in the circumference of a circle, /. RM'ML equals SM'MH 
(III. 35), or the given rectangle. 

EXERCISE 180. 

Through a point given in position without the legs of an angle^ 

draw a line so that the rectangle under the segments of this line 

intercepted between the given point and the lines containing the 

angle shall be given. 

(Pig. 180, Plate XII.)— Let RSL be the given angle 
and M the given point. 
Join SM, and cut it in U, making SMMH equal to the given 



96 fiXEBClSESi 



rectangle ; on MH describe the segment MRH containing an 
angle equal to MSL^ and cutting SR in i?; join MR^ and 
produce it to meet SL in L : ML is the line required. 

Join RH, 

Because the angles MRH^ MSL are equal (Cons,), /, RLSH 
is inscribable in a circle, and hence LM'MR equals SM'MH 
(III. 36) or the given rectangla 

EXERCISE 181. 
If the centres cftwo circles which touch each other externally he 
fixedy the common tangent of those circles will touch another of which 
the straight line joining the fixed centres is the diameter, 

(Pig. 181, Plate XIII.)— Let the two circles il/'Jf and 
BFH be two circles touching each other at F \ let il J? be a 
common tangent at the points A and B\ let C and K be the 
centres of these circles ; then the circle described on the line 
CK^ joining their centres, will touch the^ common tangent, or 
AB will also be a tangent to the circle described on CK, 

From F draw the common tangent FE^ meeting AB m E ] 
from E draw ED perpendicular to AB^ and meeting CK in D ; 
then D is the centre of the circle, and also the middle point of 
CK. 

Because AE ^ EF ^ EB {Cor, III. 17), and AG, ED, and 
BK are parallel, /. CD = DK. Again, because the angle 
AEC = angle CEF (I. 8), and angle ACE ^ angle DCE, and 
angle ACE =- angle CED (I. 29), the angle ECD = angle 
CED, and CD = DE, and /. DK = DE {Ax, 1). Hence D 
is the centre of the required circle. 

EXERCISE 182. 
A straight line and two circles are given : find the point in the 
straight line from which the tangents drawn to the circles are of 

equal length. 

(Pig. 182, Plate XIII.)— Join the centres Jf, iV of the 
given circles SQH, KOZ, and divide NW va R, making MB^ 
— NR^ = MS^ — NK\ 

Take the point R nearer to the centre of the smaller circle, 
and draw RC at right angles to MN cutting the given line AB 
in C : (7 is the point requLied. 

Join CM, CN, and draw the tangents CS, CK to the circles 
SQU, KOZ respectively ; let NL^ - MS^ — NK\ 
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In the triangle MCN^ because CR is perpendicular to MNy 
MB^ — NR^ = CM'^ — CN\hMtMR^—NR^=^ M^^ — NK^ 

= NL^] :. CM'^ ^ CJ!i^+ NL^ = NL^ + SK^ + CKK 
Again, CM^ = MS^ + CS\ and/. MS^ + ^2 =.NL^^ NK^ 

+ CK\hutMS^ = iV^A'2 + ivrz.2; hence CS^ = CJiT^ and 
CS = CJiT. 

EXERCISE 183. 

If two tangents and a secant he drawn to a circle fro^n any point 
without ity and the points of contact of the tangents be joined^ the 
rectangle contained by the whole secant and its middle segment is 
equal to the rectangle contained by its extreme segments, 

(Pig. 183, Plate XIII.)~Let FA and PB be tangents 
from the point F to the circle ACBB; let ^J9 be the line 
joining the points of contact ; and let PCDE be any secant 
from Qie point P ; then the rectangle EP'DC is equal to the 
rectangle ED-PC. 

The triangle APB is isosceles (III. 36), and /. AP^ « 
2>P2 4. AD'DB {Ex. 253, Part L); but AP^ = EP-PC 
(ni. 36), and AD'DB = EDDC {III. 35) ; and /. EPPC 

= BP^ + ED DC. Again, DP^ = DP DC + DP-PC 
(II. 2), .-. EP'PC^ ED'DG + DP-DC + DP-PC {Ax. 1); 
but ED-DC + DP -DC = {ED + DP)DC = EPDC ; and 
hence JI^PPC = JE'P-iX; + 2)i> .PC. 

But JFPPC « JI^2>-PC + 2>PPC ; and /. {Ax. 1) ^i)PC 

4- DP-PC = JFP/>C + DP-PC. Take DPPC from these 
last equals, and EDPC = EPDC. 

EXERCISE 184. 

Between two lines given in position to draw a line equal to a given 
linCy so that the trinrigle thus formed may be equal to a given recti- 
lineal figure. 

(Pig. 184, Plate XIII.)— Let BA and BC be the given 
lines, and DE the line whose magnitude is given; it is 
required to draw a straight line between BA and BC equal to 
DEy and forming with them a triangle equal to a given recti- 
lineal figure. 

On DE describe a segment of a circle containing an angle 
equal to the angle at B (III. 33) j bisect DE in H^ and on 
DH describe a rectangle equal to the given rectilin^ figure 
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(I, 45), cutting the circle in K ; join KD and KE ; cut off 
from BA a part BM equal to KD, and from BG a part BN 
equal to KE, and join MN : then MN is the line required. 

Because DK is double of D/I, the triangle DKE — the 
rectangle DSFH (I. 41, Cor.) = the given rectilineal figure 
(Cons.); and DK and A'^^ and the contained angle are re- 
spectively equal to MB and jBiV and the contained angle, .*. 
(I. 4) MJ!f = PK, and the triangle MBN = triangle I^KE= 
the rectangle DSFH = the given rectilineal figure. 

EXERCISE 185. 

The rectangle under the sides of a triangle is equal to the square 
on the bisector of the vertical angle together unth the rectangle under 
the segments of the base made by the bisector of the vertical angle, 

(Fig. 185, Plate XIII.)— Let ABC be the given triangle, 
and let BD the bisector of the vertical angle be produced to 
meet the circumscribed circle at F, 

From AB cut off BE = BG, and join ED, 

Trianirles DBE, DBG are equal (I. 4), .'. the angles ]?EB^ 
DCB are equal, but DGB = AFB, being in the same segment; 
/. DEB = AFB, and hence AEDF is inscribable in a circle, 
/. ABBE = FBBD; hut BE = BG, and FBBD = FDDB 
+ Dm = AD'DC + DB\ :. AB'BG = ADDG + DB^. 

EXERCISE 186. 

If a triangle ABG be inscribed in a circle, and if lines CD and 
CE be drawn to meet the side AB in D, and the circle in Ey and 
such that the angles A CE and DCB shall be equals prove that the 
rectangle AC'BC = EC CD, 

(Fig. 186, Plate XIII.)— From AC cut off C A- equal to 
CB ; and from EC cut off GF equal to CD, and join KF, 

The triangle KGF = trianfjle BCD (I. 4) in every respect, 
and the angle (7Zi^= angle GBD ; but GBD==GEA (HI. 21) ; 
and /. the angle CKF = angle CEA (Ax. 1). To each add 
angle AKF, and the angles FEA and FKA = angles C^i^and 
FKA, hence the figure EAKF is inscribable in a circle 
(III. 22, Cor.); and /. the rectangle AC'CK = rectangle 
EC'CF; but AC'CK = ACCB (Cons.), and ECCF = 
EC CD; and therefore, AC'CB = ECCD {Ax, 1). 
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EXERCISE 187. 
The rectangle under the sides of a triangle is iqaal to the reeU 
angle vnder the perpendicular to the base and the diaweter of the 
cii-cumscribing circle. 

(Fig. 187, Plate XIII.)— Let ABC he s^ triangle inBoribed 
in a cirelA ABM ; BM, the diameter of the circle, and BD ihb 
perpendicular on the base AC : then AB'BC «» MB'BD, 

On AB, MB take BH, BL equal to BC^ BD respectively.; 
join HL^ AM, 

In the triangles BMA , BCD^ the angles at A and D are right 
angles ; the angles at M and C are also equal (III. 21), .*. the 
remaining angles at B are equal (I. 32), and hence the tri- 
angles BLH, BDC are equal (I. 4), .-. sjagle BIIL - BCD^ 
BMA, hence AlILM is cii-cumscribable by a circle, ,\ AB'BH 
- MB'BL, but BU « BC, and BL = BD, /. ABBC « 
MBBD. 

EXERCISE 188. 
If an arc of a circle be cut equally and unequally , prove thai tie 
rectangle under the chords of the unequal segvients, together with 
the square of the chord of the intermediate arc, is equal to the square 
of the chord of half the arc, 

(Pig. 188, Plate XIII.)— Let the arc AEB of the circle 
AMBE be bisected in E, and divided unequally in F\ then the 
rectangle A FEB together with EF^ will be equal to AEK 

Join AB,AE, EF, EB, FB, AF; draw the diameter EM^ 
cutting AB at C, and draw FD ; and from Fdnw FH parallel 
to vl J9, and cutting EM in N, 

Because the arc AEB is bisected in E^ and its chord AB 
bisected perpendicularly by EM^ then EM passes through the 
centre of the circle (III. 1) ; and since FH is parallel to AB 
it is also bisected in N, Now, in the triangle AFB, since FD 
la perpendicular to ilJ9, the rectangle AF'FB « ME'FD 
(Ex. 187) ; for the same reason AE-EB « AE^ « ME-EC - 
ME'EN + MENC = ME EN + MEFD. But MKRN - 
HEEF^EF^\ and /. AE'^ = AFFB + EF^ (Ax. 1). 

EXERCISE 189. 

Given the base, vertical angle, and the sum of the squirts of the 
sides of a triangle : to construct it, 

(Pig. 189, Plate XIII.)— Let J^ be the given base. On 

^ K 
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it describe a segment of a circle containing an angle equal to 
the given vertical angle (III. 33) ; bisect AB m C ; find a 
line equal to half the difference between the sum of the squares 
of the sides and twice the square of half AB {Ex, ) ; from 
C as centre, with this line as distance, describe an arc cutting 
the oircumference of the segment in 2>; join AD and J)B; 
then ADB is the triangle required. 

Because AB i^ bisected in C, and (72> joined, AD^ -^ DB^^ 
2A0^ + 2CD^ {Ex. 255, Part I). 

EXERCISE 190. 

Given the hcae^ vertical angle^ and the difference of the squares of 
ike sides of a triangle: to construct it 

(Pig. 190, Plate XIII.)— Let i4J5 be the given base. On 
it describe a segment of a circle containing an angle equal to 
the given vertical angle (III. 33) ; divide AB in i> so that 
the difference of the squares oi AD and DB may be equal to 
the given difference (I. 47, Cor.) ; from D draw DC at right 
angles to il^; join AC and BC ; then ACB is the triangle 
required. 

The angle ACB is (Cons.) the vertical angle ; ^-5 is the given 
base ; and the difference between the squares of the sides is 
equal to the difference between the squares of the segments of 
the base ilJ9; or AC^ — CB^ = AD^ — DB^. 

EXERCISE 191. 

Oiven the hase^ vertical angle, and rectangle of the sides of a 
trtangU : to construct it. 

(Pig. 191, Plate XIII.)— Let AB be the given base. On 
it describe a segment of a circle containing an angle equal to 
the given vertical angle ; complete the circle ; then the rect- 
angle of the sides is equal to the rectangle of the diameter of 
the circumscribing circle and the perpendicular from the vertex 
on the given base {Ex. 187) ; and, therefore, as the diameter 
is known, the perpendicular is found. Now, from B raise a 
perpendicular BO equal to that found ; from G draw GD 
parallel to AB (I. 31), and meeting the circumference in D ; 
join AD and DB, and from D draw DH perpendicular to AB ; 
then it is evident from the construction that ADB is the 
triangle required. 

Since DH is perpendicular to ^ J5, and DCE any diameter, 
the rectangle ADDB = rectangle EDDH; and ADB = the 
vertical angle ; and DH » BG. 
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EXEBOISE 192. 
If from any point in the circumference of the circle deeeribed 
about a triangle perpendiculars be draum to the aides of the triangle^ 
the three points of intersection shall be in the Sonne straight Une. 

(Pig. 192, Plate Xm.)— Let ABC he a triangle, and P 
any point in the circumference of the circumscribing circle ; 
then if from P perpendiculars P2>, PJ?, and FF be drawn to 
the sides of the triangle, the three points i>, E^ and F will be 
in the same straight line. 

Because the angles ADF and AFP are right angles (CofM.), 
.*. a circle can be described about the quadrilateral 
AFPD (III. 22, Cor.)y and hence the angle 2>ilP - the angle 
J>EP (III. 21). But DAP and Pile are together equal to 
two right angles (1. 13), .'. DFP and PA C are together equal to 
two right angles. Again, PAC and PBC are equal to two 
right angles (III. 22), .*. DFP = PBG. Now, since PFB 
and PFB are right angles (Cons,), PFFB is circumscribable by 
a circle, and the angles PBF and PFF » two right angles ; 
.-. DFP and PEF are = to two right angles, and DFF is a 
straight lina 

EXERCISE 193. 
If from the middle point of a circle which lies above the base of 

an inscribed triangle, perpendiculars be let fall on the sides, prove 

that the parts cut off on each side, measured from the vertex^ are 

each equal to half the difference of the sides ; and that the parts cut 

off, measured from the extremities of the base, are each equal to ha^f 

the sum of the sides. 

(Pig, 193, Plate XIII.)— The rectangle ADDC - rect- 
angle of DE and the diameter of the circle ; and the rectangle 
SD'DC = rectangle of DF and the diameter of the circle ; but 
AD = BD (III. 29), and hence ADDC - BDDC\ and .•. 
the rectangle of DE and the diameter of the circle ■> the 
rectangle of DF and the diameter of the circle ; and, therefore, 
DE = DF. Now, AD^ ^ AE^ + DE^ (I. 47), and BD^ - 
£F^ + DF^\ and as AD"^ - BD\ andDE^ - DF^, :. AE^ 
= BF\ and AE = BF. 

Again, DC^ = DE^ + EC^ = DF^ + FC^ \ and aa DE^ 
DF {Ax. 3), EC ^ FC\ and .-. AC ^- CB ^ AE -if PF,and 
AC—CB^ EC + CP; and, therefore, AE or BF ^ half 
tlie sum of ^C and CB, and EC or CF » half the difference 
of AC and CB. 
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EXERCISE 194. 
If from the middle point of the arc of a circle which lies below 
the base of an inscribed triangle, perpendiculars be let fall on the 
sides, prove that the parts cut off on each side, meamired from the 
vertex, are each equal to half the sum of the sides ; and that the 
parts cut off, vieasured from the extremities of the base, are each 
equal to half the difference of the sides, 

(Fig. 194, Plate XIII.)~Let ABChe a triangle inscribed 
in the circle A GBD ; and let the perpendiculars DE and DF 
be let fall on AG and CB from D, the middle point of the arc 
ADB ; then CE and CF are each equal to half the sum oi AC 
and CB, and AE and BF are each equal to half the difference 
of iiCand CB. 

Because ACD is a triangle inscribed in the circle, and DE 
is a perpendicular on A C, the rectangle CD' DA = rectangle 
DE'DH, DH being the diameter of the circle ; and the rect- 
angle CD'DB == CDDA = rectangle DFDU] and /. DE = 
DF, But AD ^ DB (III. 29) ; and /. (I. 47) AE = BF, 
and EC = CF] and /. EC ^- CF = AC + CB, and ^EC or 
CF = half the sum of ^C and CB ; and, as -4 fiJ = BF, each 
is half the difference between A C and CB. 

EXERCISE 195. 

If the opposite sides of a quadrilateral inscribed in a circle be 

produced to meet, and from the two points of intersection tangents 

be drawn to the circle, the squares on these tangents are together 

equal to the square on the straight line joining the points of 

intersection, 

(Pig. 195, Plate XIII.)— Let ABCD be a quadrilateral 
insoribed in a circle, and let the opposite sides on being pro- 
duced intersect in the points M, E\ ME^ - MS^^ EE\ 
tangents drawn from M and E, 

MCE - DCB (1. 15) ; /. MCE + BAD = two right angles 
(III. 22), and hence MCE ^ AME ^ ARM (I. 32). Draw 
CQ making MCQ = A EM, and meeting ME at Q. MCD -■ 
the angle at A, /. DCQ + DMQ =* two right angles, and 
MDCQ can be circumscribed by a circle ; for a similar reason 
BCQR admits of beino: circumscribed by a circle ; * MEEQ 
^ DEEC « EE'^ (III. 36), and i?J/-J[/(2 = BM'MC - MS\ 
but MEBfi'^ EM'MQ = MB^ (IL2), /. ME^mmMS^-^BEK 
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EXERCISE 196. 

If four straight lines intersect one another^ and form fovr tri- 
anglesy the circles which circumscribe them will all jxi'is through the 
same point 

(Pig. 196, Plate XIV.)— Let the lines AB, AC, DB, 
and DE form the four triaiifrlos ABC, AEU, DBE, and DGH\ 
let the circles IICDP and A ElIP^ circumscribing the triangles 
DHC and AEII^ intersect each other in P ; the circles circum- 
scribing the triangles ABC and DBE will also pass through P. 

Join PA, PE, PH, PC, and PD, 

Because the points P, //, C, and D are in the circumference 
of the circle HO DP, the angles PDG and PUG are together 
equal to two right angles (III. 22) ; and as PUG and PUA 
are also equal to two right angles (I. 13), .'. PHA — PDG 
{Ax, 1) ; but PUA = PEA (III. 21), .*. PDG or PDB = 
PEA, and the figure PDBE is circumscribable by a circle, or 
the circle circumscribing EDB passes through P. 

Again, because the angles PAE and PUE are together equal 
to two right angles, and PUE and PUD are together equal 
to two right angles, PAE = PUD = PGD (III. 21) ; and .'. 
the quadrilateral APGB is circumscribable by a circle \ that is, 
the circle circumscribing ABG also passes through P, There- 
fore the four circles circumscribing the four triangles all pass 
through the point P. 

EXERCISE 197. 

ABC^ is a triangle, and P is the point of intersection of the 
perpendiculars from A, B, and G on the opposite sides of the tri- 
angle ; then the circle which passes through the middle points of PA, 
PB, and PG will pass through the feet of the perpendiculars, and 
through the middle points of the sides of the triangle — that is, 
through the nine points. 

(Pig. 197, Plate XIV.)— Let A; J/, and iT be the middle 
points of PG, PA, and PB ; let E be tlie foot of the perpendi- 
cular from A on BG, and U the middle point of BG, 

PBE is a right-angled triangle, and -A" the middle point of 
its hypotenuse BP ; and .'. A^E = -A7^ ; and .'. also the angle 
^EP = angle NPE, Again, because A' is the central point 
of PC, the hypotenuse of the right-angled triangle CEP^ ,\ 



168 ttxmciBHA. 



EH = EP, and the angle KEP = angle EPE ; and /. NEP 
+ EEP = NPE + EPE ; that is, the angle EEI^ = angle 
EPJIf = angle i>Pi^ (I. 15). But DPF + BAG ^ two right 
angles, /. EEN + BAG — two right angles {Ax. 1). Again, 
since -4P and PB are bisected in M and iV, JfiV is parallel to 
AB, and /. (I. 29) the angle PifiT = angle PAB, For a 
similar reason the angle PME = angle PAG, and (-4a?. 1) the 
whole angle NME = BAG ; and .*. EN ME is circumscribable 
by a circle (III. 22, Cor.) Again, since PC, ^C, and PJB 
are bisected in /T, ZT, and iV', the figure NPEH is a parallelo- 
gram, and the angle NPE ^ NHE\ and .'. the angle NEE 
as NHE^ and hence ^ and H are in the same segment ; and 
/. a circle will pass through J/, N, E, H^ and E, In like 
manner it can be shown that it will pass through i>, P, and the 
middle points oi AB and AG. 

EXERCISE 198. 

The three straight lines joining the feet of the three perpendiculars 
from the angles of a triangle on the opposite sides make equal angles 
with the sides ; and the rectangle under the segments of any side is 
equal to the rectangle of the lines which make eqtml angles with it 
at the foot of the perpendicular, 

(Pig. 198, Plate XIV.)— Let ABG be a triangle; 
AFy BD, GE perpendiculars from Ay P, C on the sides BG^ 
AGyAB; and Pi>, FE^ EF the three straight lines joining the 
feet of the perpendiculars ; then, firstly^ the angle DFC — 
angle BFE^ the angle BEF = angle DEA, and the angle ADE 
= angle GDF^ and the complements of these equal angles are 
equal — namely, the angle DFH = EFH, the angle FEH = 
DEHy and the angle EDH = angle FDH\ and, secondly, 
the rectangle BF'FG = EF'FD,the rectangle AEEB = DEEF, 
and the rectangle AD'DG ^ EDDF, 

Firstly — Because the angles HDG and HFG are right 
angles (Hyp.), the quadrilateral FHDG is circumscribable by 
a circle (III. 22, Gor.)\ and /. the angle i>i?'C = suigle DHG 
(III. 21) ; but DBG = EHB (I. 15), /. DFG = EHB. 
Again, because the angles BEH and BFH are right angles, 
the figure EHFB is circumscribable by a circle, and .*. the 
angle EHB « angle EFB ; but EHB has been shown to be 
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equal to DFCy /. EFB = DFC ; and, as the angles AFB and 
Ji^C are right angles, and BFE = DFC, the angles AFE and 
AFD are also equal {Ax, 3). In the same way it can be shown 
that the angle FDC = angle ED Ay the angle EDH = angle 
FDH, the angle AED ^ BEF, and the angle FEH = angle 

Secondly — From BF, supposed to be the greater, cut oflf 
FG equal to FG \ and from EF, supposed to be the greater, 
cut off FK equal to FD ; and join GK, Now, GF and FK 
and the angle GFK are respectively equal to CF and FD and 
the angle CFD ; and .*. (I. 4) the triangles GFK and GFD 
are equal in every respect, and the angle FGK =« angle FCD. 
Again, because the angles AEC and AFC are right angles 
(Syp.)y AEFC is circumscribable by a circle, and the angles 
AEF and ACF = two right angles ; but AEF and BEF =two 
right angles; .*. the angle BEF = angle ACF; and as FGK 
= ACF, .'. ^^i^ = /'G?^, and the figure BEKG is circum- 
scribable by a circle, and, therefore, the rectangle BF'FG = 
EF'FK ; that is, the rectangfle BFEC = rectangle 
EF'FD, In like manner it can be shown that AE'EB =■ 
DE'EF; and AD DC = EDDF\ and .'. (^a?. 1) AEEB + 
AD'DC + -Bi^i^a = DE'EF + DEDF + EFDF. 

Note, — Of all the triangles that can be inscribed in the tri- 
angle ABC, EDF has the least perimeter, since its sides make 
equal angles with AB, BC, AC {Ex, 149, Part I). 

EXERCISE 199. 

If any two chords he drawn through the middle point of a given 
chord of circle, the straight lines joining their extremities cut off 
equal parts from the given chord, 

(Pig. 199, Plate XIV.) -Let FQM, RQL be the chords 
drawn through Q, the middle point of any other chord AQK^ 
and FHL, RXM the lines joining their extremities and cutting 
AQK inH,X\ then HQ = XQ, 

Draw RS parallel to ^^; join SF, SH, SQ, and draw QW 
perpendicular to SR, 

Q W passes through the centre and bisects SR in W, Tri- 
angles SWQ, RWQ are equal (I. 4), .*. the angles QSW, QRW 
are equal, but since SR is parallel U> AK, QSW = SQH, ,\ 
QRW = SQH, A<?ain, because FSRL is a quadrilateral 
inscribed in a circle the opposite angles at F and R equal two 
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right angles, but SQH equals the anirles of the quadrilateral at 
i?, ;. SFHQ is inscribable in a circle, and QSH = QFH « 
QJRX, but SQH ^ QBW == EQX, and QS = QB, /. the tri- 
angle* QSH, QRX are equal (I. 26), and hence HQ «= XQ, 

EXERCISE 200. 

If a point he taken in the circumference of a circle in which a 
quadrilateral figure is inscribed, and if from the point perpendi- 
culars he let fall on the sides, prove that the rectangle under Hie 
perpendiculars on one pair of opposite sides is equal to the rect- 
angle under the perpendiculars on the other pair of opposite sides, 

(Fig. 200, Plate XIV,)~LetABCI) be the quadrilateral, 
and QL, QF, QS, QR the perpendiculars on the sides AD, BC, 
AB, CD respectively from a point Q, in the circumference of 
the circumscribing circle : then LQQK = QR-QS. 

Join SK, BQ, RL, DQ, and on QL, QR take QF = QK, and 
QZ = QS respectively ; join FZ. 

In the quadrilaterals QKBS, QLDR, because the whole 
angles at S, K, L, R, are rioht, and SBC = CD A, they are 
inscribable in circles, and equiangular ; .*. SQK = RQL, and 
the trianLdes SQK, ZQF are ecjual in all respects (I. 4). Now, 
QDC = QBC (III. 21), but QDC = QLR, and QBC = QSK, 
.*. the triangles SQK and QRL are equianoular, or ZQF, QRL 
are equiangular, but since QZF = QSK = QLR the quadrilar 
teral RLFZ is inscribable in a circle, and .'. LQ'QF = RQ-QZ ', 
that is, LQQK = QRQ^. 

EXERCISE 201. 

If perpendiculars he drawn from any point on the circumference 
of a circle to two tangents and their chord of conta^ct, the square cm 
the perpendicular to the chord is equal to the rectangle under the 
other two peipendiculars. 

(Pig. 201, Plate XIV.)— Let ^^, BC, be tanoents to the 
circle ADC ; D any point in the circumference from which the 
perpendiculars DK, DN, DM are drawn to AC, AB, BC 
respectively : DK'^ — DM'DX. 

Join DA, DC, and on DM take DS = DN; jom SK, 
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In the quadrilaterals ANDKy CMDK^ because the whole 
angles at N^ K, M are riifht, and the whole angles Ay C are 
equal, the angles NDK^ MDK are equal, and the quadrila- 
terals are inscribable in circles. Again, NA D = KCD (III. 32), 
but since ANDK^ CMDK are inscribable in circles, NKD = 
NAD = KCD = D3fK, but NKD = DKS (I. 4), /. DKS - 
DMKy and hence DK is a tangent to the circle passing 
through a; S, M, :, DK^ = MDDS = MDDN {lU. 36). 

EXERCISE 202. 
If two circles touch externally and a common tangent he draicn 
not passing through the point of contact : then the square of this 
tangent shall be equal to the rectangle of the diameters of the ciixles, 
(Pig. 202, Plate XIV.)— Let the two circles FNR, 
FMDy which touch in F, have a common tangent MN ; let FE, 
FD be their respective diameters, and S, H their centres 
respectively. From F draw the common tangent FL meeting 
MN in Z, and join LS^ LH. 

Now, LM ^ LF ^ LN, and L8, LH bisect the angles FLN^ 
FLM respectively, .'. HLS is a right angle, as also is UFLy 
:. in the right-angled triangle HLS, HFFS = LF\ or iHFFS 
^iLF\ but iHFFS = FDFR, and iLF'^ ^ MN^; .-. MN^ 
= FD'DR 

Otherwise — Let QW he the common tangent and let S be 
the centre of the larger circle, the point Q being in its circum- 
ference ; join SQy HWy and draw HK parallel to WQ^ meeting 
SQinK 

WK is evidently a rectangle, .'. WQ^ ^HK^ ^ {SH^ — SK^) 
= {SH + SK)iSH — SK), but SU + SK ^ FR, and SH — 
SK = FD, :. WQ^ ^ FRFD. 

EXERCISE 203. 

In equiangular triangles the rectangles under the non-^oirespmid- 
ing sides about equal angles are equal, (See Euclid, VI. 4). 

(Pig. 20a Plate XTV.)— Place the triangles NFS, 
LKM so that the equal angles at K shall be vertically opposite, 
and the non-corresponding sides NK and MK^ JSK and LK 
shall be in the same straight line. Now, the angles at N, L 
are opposite the corresponding sides aS^A", 3/A', and are .'. equal, 
hence the points aS', xV, L, M are in the circumference of a circle, 
.-. SK'KL = NKKM (III. 35). 

In the same way it may be proved of the remaining non- 
corresponding sides. 

L 
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EXERCISE 204. 
The exterior angle CBD of the trianyle ABC is bisected by the 
line B£y which cuts the base produced in E : show that the square 
on BEy together with the rectangle A By BC, is equal to the rect- 
angle AEy EC, 

(Fig. 204, Plate XIV.)— Make BD =- J?(7 and join i)^; 
draw AM meeting EB produced in M and making ans:le MAB 
« angle CEB, 

Triangles BCEy BDE are equal (I. 4), and because the 
angle ABM = DBE = CBEy and MAB = CEBy AMB = 
ECB ; .', AMBC is circumscribable by a circle ; and since DEB 
= MA By the points A, M, JD, E are in the circumference of a 
circle, /. ABBD = MBBE (III. 35); that is, ABBC 
= MBBE; to each add BE'\ and ABBC -{- BE'^ ^ MBBE 
+ BE^ = ME'EB = AE'EC (III. 36). 

EXERCISE 205. 

Through a fixed point A on a circle^ a chord AB is draivUy and 
produced to a point My so that AB'AM is constant : find the 
locus of M. 

(Pig. 205, Plate XIV.) — From M draw a line making 
an angle with A M equal to that in the segment on the same 
side of A My as the line is drawn : this line is the locus of M. 

For, take any point Sy and draw -^aS' cutting the circle in jR ; 
join BR, 

Now, because angles ARBy A MS are equal, SRBM is 
capable of being inscribed in a circle, /. SA'AR = AB'AM 

(III. 36). 

The same may be proved if the point be taken in SM pro- 
duced, and on the other side of AM, 

EXERCISE 206. 

If three circles intersect one another, their three chords of inter- 
section pass throvgh the same point. 

(Pig. 206, Plate XIV.)— Let A, B, be the centres of 
three circles which intersect one another. Let the chords CDy 
EF intersect in P ; join HP : then II Py if produced, will pass 
through G, 

If possible, let it not pass through Gy but through some 
other point, K, 
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Because the chords (72), EF^ of the circle whose centre is ii, 
intersect in P, CPPD = EPPF (III. 35). For the same 
reason HPPK = CPPD, lioth CD and HPM being chords of 
the circle whose centre is ; and EPPF = HPPM, hoUi EF 
and HPM being chords of the circle whose centre is B, But, 
since CPPD = J^PP/', ffPPK = HPPM) and /. PJT = 
PJIf, which is absurd. Hence HP, if produced, must pass 
through G] that is, the three common chords of the three 
intersecting circles pass through the same point P, 

EXERCISE 207. 

If any arc of a circle he divided into two parts, the mm of their 
chords is a maximum when the arc is bisected, 

(Pig. 207, Plate XIV.)— Let C be the point of bisection 
of the arc ACB, and let CA, CB be joined : then the sum of 
CA, CB is greater than that of any other chords DA, DB 
drawn from any point D in the arc. 

With C as centre, and CA or CB as radius, describe a circle 
ABF, AC produced meeting the circumference at F, and AD 
produced meeting it at E ; join EB, 

Angle ABB = ACB = twice AEB (III. 21 and 20), .-. 
DBE = DEB (I. 32), hence DB = DE, :, AF = AC + CB 
and AE ^ AD + DB, but AFis greater than AE (III. 15)» 
/. CA + CB is greater than AD + DB, 

EXERCISE 208. 
Prove that a circle which passes through the foot of the perpen- 
dicular on the base from the vertical angle, and the feet of those 
which are let fall from the extremities of the base on the bisector of 
the vertical angle, will also pass through the middle point of the base. 

(Pig. 208, Plate XIV.)— Let BD, CF, .16? be the per- 
pendiculars on the base AC, and the bisector of the vertical 
angle of triangle ABC, respectively, and let E be the middle 
point of the base : then G, D, F, E are in the circumference 
of the same circle. 

Join DG, EF, EG, and produce CF to H, meeting AB in 
that point. 

Triangles HFB, CFB are equal (I. 26), .-. HF = FC, but 
AE ^ EC, hence EF, which joins the middle points of CH, 
CA, is pwilleltoil/f, .\ angle ^/^G^ = ABO', but since AGB, 
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ADB are right angles (Cotw.), the points il, i?, 2>, 6r are in 
the same circumference, and hence ADG = ABG^ ,\ EFG = 
EDGy .'. the circle which passes through G^ Z>, F also passes 
through Ey the middle point of the base. 

EXERCISE 209. 

Given a chord of a circle and two points on the circumference 
underneath it^ find a third point on the circumference above it such 
that if it he joined to the two given points the part of the chord 
intercepted shall he of given length, 

(Pig. 209, Plate XIV.)— Let MN be the chord, and Ay 
C the points beneath it ; let CHy drawn parallel to MNy be 
the given length. 

Join ACy AHy and on AH describe a segment of a circle 
containing an angle equal to that in the segment AMC, 
cutting JOT in W; join A W and produce it to cut the circum- 
ference in -5 : jB is the point required. 

Join Wily BC, the latter cutting MN in Q, 

Angles AWHy ABC are equal, .. WH is parallel to J5C ; 
but WQ is parallel to CH {Cons,)y /. WHCQ is a parallelo- 
gram, hence WQ = CH. 

EXERCISE 210. 

Through a point given in position within the legs of an angle 
draw a straight line which shall cut off on the legs portions 
measured from the vertex so Hiat the rectangle under them shall he 
given, 

(Pig. 210, Plate XIV.)— Let M be the given point 
within the angle HNW, 

Join MNy and draw NS making angle ^S^ir =■ MNWy so 
that SN'NM shall be equal to the given rectangle ; join SM^ 
and on it describe a segment of a circle containing an angle 
equal to SNH; let this segment cut NWinW; join WM and 
produce it to meet NH in H : HMN is the line required. 

HNS = HWSy ,\ the points aS^, Hy iT, W are in the circum- 
ference of a circle, and since angle SNH «= MNW {Ex, 186), 
NHNW ec^sX'A SN'NM equals the given rectangle. 
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EXERCISE 211. 

Inscribe a square in a given qvadrant. 

(Fig. 211, Plate XV.)— Let ^ be the centre of the circle 
of which AKff is the given quadrant 

Draw AL bisecting the angle at A and meeting the arc in L ; 
draw LW, LM perpendiculars t« AK, AH reapectively : 
A WLM is the square required. 

WAL is half a right angle (Cows.), and the angle at W 
is right, .'. WLA is half a right angle (I. 32), and henc« 
WL = WA (I. 6), .-. A WLM is a square (I. 34), and la 
inscribed in the given quadrant. 

EXERCISE 212. 
Inscribe a tquaj-e in the space included between two equal circles 
wMch intersect. 

<Pig. 212, Plate XV.>— Join M, N, the centres of the 
circles, and from S, the point of bisection of Uie line if JV, draw 
SB meeting one of the circumferences at B, and draw the 
chord BC at right angles to ^IN, cutting it at W ; make SR 
•^ SW, and through £ draw the cliord AJi at right angles to 
jtfJV; join AB, KC : ABCK is tlie square required. 

JV'fi = MW, :. J A' equals BC (III. 14), and is parallel to 
it, .-. ^.BCA" is a parallelogram. Now, since AR = BW,aaA 
the angles at R, W are right, and BUN equals half a right 
fuis'^i ■' ^^ angles of the figure at A, B are right, AB = RW 
=< BC, and hence ABCK is a square. 
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EXERCISE 219. 

Describe a circle which shall pass through one angle and fovch 
two sides of a given square. 

(Pig. 219, Plate XV.)— Let ABCD be the given square. 
Draw ACy one of the diagonals ; bisect the angle AC J) by the 
line CE ; make tlie angle CEK equal to the angle £CK ; then 
K is the centre of the circle. From K draw AV"^ perpendicular 
toAB. 

Because the angle KBC = angle KCF (Cojis.), KC = KE 
(I. 6) ; and because the angle A KE = the two angles KCE 
and KECy it is equal to the angle EA K = half a right angle, 
and .-. KE == AE ; and (I. 32) the angle AEK is a right 
angle; and as the angle AEK = angle AFK, and angle KAF 
= angle KAE^ and AK common, the perpendicular KE = 
perpendicular KF \ and as KC = KE — KF^ K is the centre 
of the circle passing through C and touching AD and AB 
respectively in E and F (III. 9 and 16). 

EXERCISE 220. 

If tangents be drawn throvgh the extremities of two diameters of 
a circl ', the parall logram thus farmed will be a rhombus. 

(Fig, 220, Plate XV.)~-Let AB and DE be two 
diameters of the circle ADBE, and let tangents be drawn 
through the points Ay D, B, E ; then the figure FKI/G, formed 
by these tangents, is a rhombus. 

Since KHGF is a parallelogram, KH = FGy and KF = IIG 
(I. 34) 5 and since KHGF is a quadrilateral described about 
the circle, KH + FG =-- KF + HG (Ex. 6) ; and .*. (Ax, 7) 
KH ^ KF = FG ^ HG) and the figure KHGF is a rhombus. 

Note. — If AB and DE be at right angles, the figure KHGF 
will evidently be a square (IV. 7) ; and it is equally evident 
that a square is the only rectangle that can be described 
about a circle. 

EXERCISE 221. 

The centres of th' inscribed and circumscribed circles of an 
equilateral triangle coincide^ and the diameter of one is double that 
of the other. 

(Piflf. 221, Plate XV.)— Let ABC be an equilateral 
triangle, haying one circle inscribe^ and another circumscribed^ 
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From A, B, C let fall the perpendieulars AD, BE, CF, 
These perpendiculars bisect, the sides and also the angles 
(^Ex. 10, Part I.) ; and each perpendicular is so divided that 
the longer segment is double the shorter {Ex. 163, Part I.) ; 
that is, AK = 2KD, 

The three perpendiculars intersect in K ', and since the angles 
a,t A, B, C are bisected, K is the centre of the inscribed circle 
(IV. 4). Again, since the sides are bisected perpendicularly 
by EK, FKy DK, the point A" is the centre of the cricumscribed 
circle (IV. 5). But it has been shown that AK — 2KD, and 
AK is the radius of the circumscribed circle, and KD that of 
the inscribed circle (IV. 4 and 5), and hence the diameter of 
one is double that of the other. 

EXERCISE 222. 
ACDB is a semicircle, AB being the diameter, and the two 
chords AD and BC intersect at E : show that if a circle be 
described round CDE it ivill cut the semicircle ACDB, or the 
circle of which it is the half, at right angles, 

FIRST method. 

(Fig. 222, Plate XV.)— Draw CF a tangent to the 
circle circumscribing CDE, and meeting AB in F, and join C 
and the centre K of the circle CEDG, and also join C and Z>. 

Because CF is a tangent and CB a chord, the angle BCF = 
angle CDE (III. 32) ; and the angle CDE = angle CBA 
(III. 21) ; and .*. the angle BCF = angle CBA {Ax. 1), and 
FC = FB (I. 6). In the same manner it may be shown that 
FD = FA ; but FC = FD (III. 36), .\ F is the middle 
point of AB, and hence the circle CEDG cuts the semicircle 
ACDB at right angles. 

Note. — One circle is said to cut another at right angles when 
the radius of one is a tangent to the other : in other words, 
the circles are said to cut each other orthogonally. 

SECOND METHOD. 

Join the middle point F oi AB with the point C ; then FC 
is a tangent to the circle CEDG. Now, because FC = FB, 
the angle FCB = angle FBC (I. 5) ; but the angle FBC = 
ADC (III. 21) ; and .*. angle ADC = angle FCB {Ax. 1). 
and /. FC is a tangent to the circle CEDG (III. 32, Cor.). 
In the same way it can be shown that FD if joined will be a 
tangent. Hence the circles cut each at right angles or ortbo* 
gonally. 
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EXERCISE 223. 

C is ths centre of a circle; CAy CB are two radii at right 
angles ; from B any chord BP is drawn cutting CA atN] a circle 
is described round ANP : show thai it will he touched hy BA, 

(Pig. 223, Plate XV.)— The angle at P equals half a 
right angle (III. 20), and .*. equals BACy and hence the 
circle circumscribing ANP touches BA at A (III. 32). 

EXERCISE 224. 

7^e common chord ML of two circles is produced to P ; PA 
touches one of the circles at A, PBC is any secant of the other : 
show that the circle which passes through A, B, and C touches the 
circle to which PA is a tangent. 

(Pig. 224, Plate XV.)— Let the circle be described 
passing through ABC. 

MP PL = CPPB, :. CP'PB = PA\ and hence PA is a 
common tangent to the circles MALy BAC^ ,\ they touch at 
the point A. 

EXERCISE 225. 

If the chord of a quadrant be made the diameter of a semicircle^ 

' and from its ertremities two straight lines be draum to any point 

in the circumference of the semicircle ; the segment of the greater' 

line intercepted between the two circumferences shall be equal to the 

less of the two lines, 

(Pig. 225, Plate XV.)— Let H be the centre of the 
quadrant NKM\ join NM^ and on it describe the semicircle 
NWMy and from any point W in this, draw WN, WMy the 
latter cutting the arc of the quadrant in K\ then WK » WN. 

Join NK. 

Because NKM is the angle in a quadrant it is equal to a 
right angle and arhalf, being equal to half the angle at the 
centre, .'. NKW equals half a right angle, but NWK is a right 
angle (III. 31), .'. JTiT FT is also half a right angle (I. 32), 
and hence WK - WN. 

EXERCISE 226. 
If two circles cut each other ^ and any two points be taken in the 
circun^ference of one of them through which lines are draum from the 
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points of intersection and produced to the circumference of the other : 
the straight lines joining the extremities of those which are drawn 
through the same point are equal, 

(Pig. 226, Plate XVI.)— Let the circles HBK, MHK, 
cut each other in i/, JT, and in HBK take any two points N^ 
B, through which draw HNS, HB W, KNM, KBL \ join M3, 
WL : then MS = WL, 

BKN = BHN, :. the arcs ML, WS are equal ; to each add 
the arc LS, then the arcs MS, WL are equal, /. MS =«= WL 
(III. 29). 

EXERCISE 227. 

If from the extremities of any chord of a circle perpendiculars to 
it he drawn and produced to cut a diameter ; and from the points 
of intersection with the diameter lines be drawn to a point in the 
chord, so as to make equal angles with it : these lines together will 
he equal to the diameter, 

(Fig. 227, Plate XVI.)— Let DC be any chord of the 
circle HDB \ draw DK, C W perpendicular to it meeting the 
diameter AB in K, W', from which let the lines A'aS', WS be 
drawn making equal angles with DC : then KS + WS = the 
diameter. 

Draw CEH through the centre E, meeting the circumference 
at H ; DK produced will also meet it at that point, because 
the angle at D is right ; produce KS to meet WC produced at M, 

Triangles HEK, CEW are equal (I. 26), as also are tri- 
angles CSW, CSM, :. HK^ CW=CM, but HK is parallel to 
CM, and hence KM is equal and parallel to HC (I. 33) — that 
is, KS + WS ^ the diameter HC. 

EXERCISE 228. 

Descrihe a circle which shall pass through two given points A, B, 
and cut off from a given straight line HS a chord equal to a given 
Une DK, 

(Pig. 228, Plate XVI.)— Join ^^ and produce it to 
meet HSB.tS; produce DK to N making DNNK = ^IaS^vS'j^ ; 
on BS take SW = DN, making WM = DK\ join A W, BM, 

Now, since ASSB = DNNK = WSSM, the quadrilateral 
ABMW is circumscribable by a circle, which is the circle 
required, for it cuts off from HS the part WM » DK 
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EXERCISE 229. 

Detcrihe a circle w\'ch shall pass through two given points, so 
that the tangent crawn to it from another given point nuvj he of 
given length, 

(Pig. 229, Plate XVI.)— Let A, Bh^ the points through 
which the circle must pass, and L the point from which the 
given tangent LD is to be drawn. 

Join AL and cut it in K making AL'LK = LD"^ 'y join BA, 
B/Cy and circumscribe A KB by a circle (IV. 5) : then this is 
the circle required. 

Draw the tangent LD, 

The proof is evident from the construotion. 

EXERCISE 230. 

Descnhe a circle which shall have its centre in a given straight 
line, and cut off from two given straight lines chords of equal given 
length, 

(Pig. 230, Plate XVI.)— Let the given lines MC, KC, 
not being parallel, meet at C \ and C*S*, which bisects the angle 
at (7, meet the line in which the centre is to be, at aS' ; from aS* 
draw aS' W perpendicular to CK, and in CK take RH equal to 
the given line, so that it may be bisected at IT; join SH, and 
with *S' as centre, and 67/ as radius, describe a circle cutting CM 
'v^ V, Q \ Q VH is the circle required. 

This circle also passes through R, because SH — SR, 
Now, because CQ, CR are drawn making equal angles with 
CS, which is drawn to the centre, /. CQ - CR (III. 8) ; 
for a similar reason C T = C//, .*. QV = RH, and hence Q VH 
is the circle required. 

EXERCISE 231. 

If he the centre of the circle inscrihed in the tiiangle ABC, and 
AO he produced to meet the circumscrihed circle at F, show that 
FB, FO, and FC are all equal. 

(Pig. 231, Plate XVI.)— Because is the centre of the 
inscribed circle, ^/''bisects the angle BAC (IV. 4), .'. FB = 
FC (III 26 and 29). Again, because i^i9(7 = FAC = BAG, 
and OBC = ABO, FBO ^ BAO + ABO ^ FOB, /. FO = FB 
and hence FB ^ FO == FC. 
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EXERCISE 232. 

JJ a circle be inscribed in a right-angled triangle^ the excess of 
the sides containing the right angle above the hypttenuse is equal to 
the diameter of the inscribed circle. 

(Pig. 232, Plate XVI.)— Let D be tlie centre of the 
circle inscribed in the triangle ABC right-an^i^led at B; let it 
touch the hypotenuse at A', and BA^ BC at T, J/ respectively : 
then BA + BC less the diameter of the circle, equals A C. 

For, join I)^\ DM. 

Then, since the angles at Ny B^ M are right, and Z>iV = 
DJf, NM is a square; .*. BN + BM = i).V + DM = the 
diameter of the circle. Now, because AX — AK^ and CM = 
CK^ and BN + BM equals the diameter, it is manifest that 
the excess of BA + BC above AC equals the diameter of the 
circle. 

EXERCISE 233. 
Find the locus of the, centres of the circles trhivh are inscribed in 
all right-angled triangles on the same hypotenuse. 

(Fig. 233, Plate XVI.)— Let ABC be a right angled 
triangle on the hypotenuse AC^ and D the centre of the 
inscribed circle. 

Join AD, CD. 

These lines bisect the angles from which they are drawn 
(IV. 4), .'. ADC equals a right angle and a-half, which is the 
angle in a quadrant, and hence the locus required is the arc of 
a quadrant described on the hypotenuse A C. 

EXERCISE 234. 

If the three perpendiculars of a triangle ABC intersect in II, 
and meet the circumscribed circle in E, F, D -. show that the lines 
II F, HE, HD are bisected hj the sides of the triangle. 

(Pig. 234, Plate XVI.)— Let IIF cut AC in MsLiidAEcut 
BC in K', ioinAF. 

Triangles CBM, CAA^ tire, equiangular, having a right angle 
and a common angle, .'. CAB = CBF = CAF, and hence 
triangles MHA, MFA are equal (I. 26), .*. Mil = MF. 

It may be similarly shown that HE, HD are bisected at 
their points of intersection with the remaining sides. 
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EXERCISE 235. 

A circle is described round triangle ABC, and from an^ point 
P of its circumference perpendiculars are drawn to BC, CA, AB, 
which meet the circle again at D^ E^ F: show that triangles ABCy 
DEF are equal in all respects, 

(Flgf. 235, Plate XVI.) — Let the perpendiculars meet 
the sides BC^ AC^ AB at H^ Z, M respectively ; join AP. 

Then PLCH is circumscribable by a circle; and BAG =* 
EPF (I. 32) = EDF (III. 21), and BCA = EPD = EFD, 
hence triangles ABC^ DEF are equal in all respects (I. 26 
and III. 29). 

EXERCISE 236. 

The perpendicular from the vertex on the base of an equilateral 
triangle is equal to the side of an equilateral triangle inscribed in a 
circle whose diametei* is the base, 

(Pig. 236, Plate XVI.)— With the base AC, of the 
equilateral triangle ABC, as diameter, describe the circle ADC, 
cutting BC in D ; join AD, 

Because the angle at 2> is right, and A CD the anfi;le of an 
equilateral triangle, ^ 2> is a perpendicular on the base CB, and 
is the side of an equilateral triangle inscribed in ADC. 

EXERCISE 237. 

The perpendiculars from the angles A and Bofa triangle on the 
opposite sides meet at D ; the circles described round ADC and 
DBC cut A B or AB produced at the points E and F: show that 
AE is equal to BF, 

(Pig. 237, Plate XVI.)— Let the perpendiculars on CA, 
CB meet these sides at M, iV respectively, and let CD produced 
meet BA &tH; join CE, CF, 

Because the angles at N, H are right angles, and the angle 
at B is common to the triangles BNA, BHC, BAN = BCH 
(I. 32), and since DA EC is a quadrilateral inscribed in a 
circle BAN^ ECU, ,\BCH = ECH, /.triangles BCH, ECH 
are equal (I. 26), and BH = EH, Again, HCF = HBM = 
HCA, :, triangles HCF, HCA are equal (I. 26), and HF = 
HA, but BH = EH, :. AE ^ BF, 
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EXERCISE 238. 

If the base and vertical angle of a tiiavgle he given, prove that 
the line joining the feet of the perpendiculars from the base angles 
on the opposite sides is also given. 

(Pig. 238, Plate XVI.)— Let the base AB and vertical 
angle of the triangle ACB be given ; let AD, BE be perpen- 
diculars from A and B on the opposite sides, BC and A C ; and 
let BE be the line joining the feet of these perpendiculars ; 
then DJE is also given. 

On AB describe the semicircle AEDB, The angle at C is 
constant (III. 21); the angle ADC is (Cons.) a right angle; 
and .'. the angle EAD or EBB is (I. 32) constant, since it is 
the complement of the vertical angle at C ; and /. the arc ED 
and the chord DE are also constant (III, 26 and 29), and 
therefore DE is given. 

EXERCISE 239. 
Find the centre of the circle which touches the two diodes 
described on the sides abotit the right angle in a right-angled 
triangle. 

(Pig. 239, Plate XVI.)— Let AMB, CNB be the circles 
described on the sides AB, CB of the triangle ABC right-angled 
at^. 

Bisect AC 'ui D: Z> is the centre required. For, draw DF, 
DE perpendiculars to AB, CB respectively, and produce them 
to meet the circumferences at J/, K. 

Now, because DF is drawn parallel to CB, from the middle 
point of AC, it bisects AB, and is equal to half CB'y for a 
similar reason DE bisects CB and equals half AB {Ex. 124, 
Part 1) ; hence F, E are the centres of the circles^ JO, CNB 
respectively, .'. FM = FB, and EN = EB, but DB is a rect- 
angle ; .-. DF + FB = DE -h EB—tha.t is, DM = DN, and 
hence D is the centre required. 

EXERCISE 240. 
Given the angles of a triangle and the radius of the inscribed 
circle : to conMruct the triangle. 

(Pig. 240, Plate XVI.)— Let the angles A, B, C be 
given; and let KD be equal to the radius of the inscribed 
circle ; it is required to construct the triangle. 

N 
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At Ky with the line KD^ make the angle DKA equal to the 
complement of half the angle A (I. 23), and the angle DKG 
equal to the complement of half the angle C ; and through D 
draw ^(7 at right angles to KD, Make the angle KAB equal 
to KAD, and the angle KGB equal to KCD ; then ABG is the 
triangle required. 

From K draw KE and KF perpendicular to BG and AB 
respectively. It is evident from I. 26 or I. 47 that KD = 
KE = KFy and from I. 32 that the angles at il, ^, C are 
equal to the given angles; and .*. ABG is the required tri- 
angle. 

Note, — The proof of this proposition is evident from the 
construction and IV. 4. 

EXERCISE 241. 

CHven the vertical angle^ and the radii of the inscribed and 
circumscribing circles : to construct the triangle. 

(Pig. 241, Plate XVII.)— With the radius of the circum- 
scribing circle, describe a circle, and let ^C be a chord sub- 
tending the given vertical angle ; on AG describe a segment of 
a circle containing an angle equal to the given angle, together 
with half its supplement; draw AH perpendicular io AC, and 
equal to the radius of the inscribed circle ; draw JIM parallel 
to AG meeting the arc of the segment at J/, and join MG ; 
draw GB meeting the circumference of the circle at B, and 
making BGM = MGA ; join AB: ABG is the triangle required. 

Draw MN, MQ, MB perpendiculars to AG, AB, BG re- 
spectively. 

BAM + BGM equals half the supplement of the given 
angle at B, /. BAM + BGM ^ MAG + MGA ; but BGM = 
MGA (Gons,), .'. BAM = MAG, and since MN = MQ = MH 
(I. 26), .*. ABG is the required triangle. 

EXERCISE 242. 

CHven the vertical am^U, the line draum to the base bisecting that 

angle, and the difference between the base and the sum of the sides : 

to construct the triangle, 

(Pig 242, Plate XVII.)— Let DAE be the given angle, 
AU the line bisecting it ; make AF.bh^ AG each equal. to half 
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the given difference ; from F and G draw FKy GK perpendi- 
culars to AD, AE ; describe a circle from K, as centre, and 
with radius equal to KF or KG ; through H draw the tangent 
BUNG to this circle ; then ABG is the triangle required. 

Because BF and BN are tangents, they are equal (III. 17 
and 36) ; for the same reason GN ^GG\ and /. BF + GG 
= BN ^^ NG ^BG\ and hence ^^ + 24(7=^(7 + ^/' +^6?— 
that is, the difference between BA + AG, and BG is equal to 
AF + AG = the given difference; hence BAG is the triangle 
required. 

EXERCISE 243. 

A circle touches the side BG of a triangle ABG and the other 
two sides produced : show the distance between the points of contact 
of the side BG with this circle and with the inscribed circle is equal 
to the difference between the sides AB, AG, 

(Fig. 243, Plate XVTI.) — Let the excribed circle touch 
the base at iT, and AB, AG produced at L, K respectively, and 
let the inscribed circle touch these at M, B, S respectively : 
AB = AG -^ NM. 

Because AL = AK, and AR = AS, /. RL = ^S^iT— that is, 
BL + BM = SG + CiT, and by taking NM away BL + BN 
= GM + GS, or BN = GM, .'. GS + NM = BMovBR ; add 
the equals AR, AS, and AB = AG + NM. 

EXERCISE 244. 

With any point S in the circumference of a given circle, describe 
a circle cutting the former at K, H ] from K draw in the latter 
circle a chord KZ equal to its radius, and join HZ cutting the 
given circle at D : show that ZD is equal to the radius of the given 
circle. 

(Pig. 244, Plate XVII.)— Join SZ, SK, SD, DK. 

Because HS^ KS the angles at D are equal (III. 29 and 27), 
and since DS is drawn through the centre of the circle HZK, 
and DZ, DK are drawn making equal angles with it, /. DZ=i 
DK (III. 8), .". ZDK is isosceles, and ZKS is equilateral, and 
hence DS bisects the angle ZSK, and because 2>*S'A' equals half 
the angle of an equilateral triangle, .'. DK or DZ is a side of the 
inscribed hexagon, and equals the radius of the given circle. 
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EXERCISE 245. 
If from any point H in the circumference of a given circle 
straight lines he drawn to the four angular points of an inscribed 
square^ A BCD, the sum of the squares on the four straight lines is 
double the square on the diameter, 

(Pig. 245, Plate XVII.)— Join AC, BD, 

Because ABCD is a square inscribed in a circle, AC, BD 
are diameters (IV. 6), /. BHD, AHC are right angles, hence 
Bm + HD^ = BD\ and Cm + AH^ - ^C"^— that is, BW^ 
+ HD'^ + CH^ + AH'^ = 2AC\ or 2BD\ 

EXERCISE 246. 
Draw from the obtuse angle A of a given triangle to the base a 
liTie, the square on which shall be equal to the, rectangle under the 
segments of the base. 

(Pig. 246, Plate XVII.)— Circumscribe the given tri- 
angle ABC by a circle (IV. 5) whose centre is Q; join AQ, 
and with AQ as diameter describe a circle cutting BC in II, 

Join AH: AH is the line required. 

For, produce AH to meet the circumference at L, then 
CII'HB = AII'HL (III. 35), but AH = IIL (Ex, 4) ; /. 
CH'HB = Am, 

EXERCISE 247. 
If the side of a hexagcn inscribed in a circle be produced to equal 
the side of the inscribed square, a tangent to the circle from the 
extremity of the produced line will be equal to the side of the 
inscribed octagon, 

(Pig. 247, Plate XVII.)— Let ML, MW, MS be the 
sides of the octagon hexagon, and square respectively ] let MW 
be produced to -ff^ so that MH = MS ; let HQ be the tangent 
touching the circle at Q, 

BQ = ML, 

From 0, the centre of the circle, draw OM and OL cutting 
MS at K, and in MS take MZ = MW or MO the side of the 
inscribed hexagon. ZS is evidently equal to WH^ and KL = KZ» 

MZ^ + ZS"^ = 2MK^ + 2KZ^ (IL 9), but 2MK^ = MO^ 
« MZ% :, ZS^ = "IKZ^ 

Now, MS'SZ = MZZS + ZS^ = MZZS + 2I{Z^ = MK^ 
^ KZ'^ = MK'^ + KL^ = 3/7.2, ^^^t MSSZ = MIIHW, .\ 
ML^ - MH^HW - HQ\ and hence UQ = ML 
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EXERCISE 248. 

A regular octagon inscribed in a circle is equal to the rectangle 
under the sides of the inscribed and circiwiscribed square. 

(Pig. 248, Plate XVII.)— Let EF be the side of a 
square inscribed in the circle DFEN^ Gil the side of the 
circumscribed square, and FM the side of the regular octagon 
inscribed in the circle ; then the area of the octagon is equal 
to the rectangle GIIFE, 

The rectangle FECM = twice the area of the quadrilateral 
CFME (I. 41) ; and /. the rectangle FE'2CM = four times 
the area of CFME = the area of the regular octagon inscribed 
in the given circle. 

But FE"2CM = FEDE = FEGH = the rectangle under 
the sides of the inscribed and circumscribed squares. 



EXERCISE 249. 

In Euclid's construction of IV. 10, suppose the two circles to 
cut again at E : show that DE is equal to DC ; and if AE and 
BD be produced to meet at F, show that AFB is another isosceles 
triangle having each of the angles at A and B double the angle at F. 

(Fig. 249, Plate XVII.)— Firstly : Because the figure 
ACDE is a quadrilateral inscribed in the smaller circle, the 
angles ACD and AED are together equal to two right angles 
(III. 22); but the angles BCD and ACD are also (I. 13) 
equal to two right angles, and .'. {Ax. 3) the angle BCD = 
angle AED, But BCD = ABD = ADB ; hence the anj^le 
ABD ^ angle AED = ADE (I. 5), and the angle BAD ^ 
angle DAE, and /. (III. 26 and 28) CD = DE, 

Secondly : Because the angle ABF = twice angle BAD, and 
that angle BAD = angle DAE, therefore the angle ABF = 
angle BAF\ and /. each of the angles ABF and BAF is 
double of the angle AFB. 

Note.-^\i (7, E be joined, then CDFE is a parallelogram. 
The angle ADC = angle AEC (III. 27) j the angle BAD = 
angle ADC has been shown to be equal to the angle at F, .*. 
CD is parallel to EF {I. 28) ; and since CDB = AEC, then 
AEC = angle at F, and /. (I. 28) CE is parallel to DF, and 
hence the figure CDFE is a parallelogram. 
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EXERCISE 250. 

In (IV. 10) ifH be the centre of the larger circle^ and HWS 
the triangle required^ and if the side IIS cuts the smaller circle in 
Kf and WK produced meets the larger circle at N, and NS he 
joined : then NK, NS respectively are equal to the sides of a 
hexagon and pentagon inscribed in the larger circle y and NW is 
cut as in (II. 11). 

(Pig. 250, Plate XVIL)—NffK is double of NWS 
(III. 20) and .S^^r— that is,iV^^^is double of NWS (IV. 10), 
.-. NHK = NKHy /. NK equals NH (I. 6), or the side of a 
regular hexagon inscribed in the larger circle. 

Again, NHS = SKW — two-fifths of two right angles, or 
one-fifth of four right angles, .*. NS equals the side of a regular 
pentagon inscribed in NSW', and because NK = SH, and 
KW = KHy the line NK is produced to W making KW equal 
to its greater segment, if it were cut in medial section, .'. 
NW'WK = NK"^ {Ex. 275, Part I). 

Note. — The square on the side of a regular pentagon inscribed 
in a circle is equal to the sum of the squares on the sides of a 
regular hexagon and a regular decagon inscribed in the same 
circle. 

(Pig. 250, Plate XVII.)— It has been shown that NS 
is the side of a regular pentagon, and NK or NH the side of a 
regular hexagon inscribed in the circle ; and as the angle SHW 
is one-fifth of two right angles (IV. 10), it is one-tenth of four 
right angles, and .*. SW is the side of a regular decagon in the 
same circle ; hence it is required to prove that NS^ = NH^ + 
SW\ 

From N draw NT perpendicular to HK : then, since NH = 
NK, KT = HT {Ex. 10, Part I). 

Now, in the triangle SNH, NS^ = Nm + HS^—2HS'BT 
(II. 13) = NH'^ + HS^—HS'HK {since HK = twice HT) = 
NH^ + IIS {ffS— HK) = NH^+ HSSK But HSSK = 
KH^ = SW^; and /. NS^ = NH^ + SWl 

EXERCISE 251. 

On a given straight line AB as base describe an isosceles triangle 
having the third angle treble of each of the angles at the base. 

(Fig. 251, Plate XVII.)— Cut ABinC making AJB'BC 
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= AC^ (II. 11), and construct the isosceles triangle AD By 
having each of the equal sides equal to AC \ then ADB \& the 
triangle required. 

For the angle at A equals one-lifth of two right angles 
(IV. 10), and since the angles at ^, i? are equal, .*. the angle 
at D equals three-fifths of two right angles, and is .*. treble of 
either of those at il, B, 

EXERCISE 252. 

If the alternate angles of a regular pentagon he joined (a), the 
^gure formed by the intersection of the joining lines mil itself be a 
regular pe^itagon ; (b) the greater segment of each is equal to a side 
of the pentagon ; (c) the diagonals of a regular pentagon which 
meet within the figure divide one another in medial section ; (fl) and 
the greater segment of each diagonal is also divided in medial section, 

(Fig. 252, Plate XVII.)— Let ABCDE be a regular 
pentagon, and let its alternate angles be joined ; then (a) the 
figure HFGMKy formed by the intersection of the joining lines, 
is also a regular pentagon. The angle BCF = angle CBF = 
angle DCG = CDG (III. 27), and the side BC = DC, :, BF 
^ CF ^ CG = DG (I. 6 and 26), and the angle BFC = 
DGC = HFG = MGF (I. 15). In the same way it may be 
shown that AH ^. CF ^ BF ^ GD\ and /. (I. 26) FG = 
FH = HK = KM = MG. And as it has been shown that the 
angle HFG — angle FGM, it can be similarly shown that the 
angle FGM = GMK = KHF ] and /. the figure HFGMK is 
a regular pentagon. 

(b) That BC ^ CH ^ AF \^ evident ; for the angle CHB 
= HBA + HAB ^ CBF + FBH, or the angle CUB = CBH, 
and the side BC = 11 C Similariy AF ^ AB ^ AM = KD 
^GE^MC ^ BG. 

(C) Because the angle CBF = BAF (III. 27), BC will be 
a tajigent to the circle circumscribing the triangle ABF 
(III. 32, Cor,) ; and /. the rectangle ^C'Ci?' = BC^ (III. 36) 
«= IIC^ = AF^. The other diagonals are similarly divided. 

(d) FD is divided in the medial section in G ; for since the 
angle DFC = DCF, and each of them is double of the angle 
CDF, and that CG bisects the angle DCF, the rectangle 
DF'FG = 6?Z>2 (as in IV. 10). Similarly BGGF = BFK 
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EXERCISE 253. 
To divide a right angle into Jive equal parts, 

(Pig. 253, Plate XVII.)— Let ACB be a right angle; 
it is required to divide it into five equal parts. 

Describe the isosceles triangle CBD as in IV. 10, and bisect 
the angle BCD, Then (I. 23) make the angles DCF and FCG 
each equal to BCE or ECD^ each of which is one-fifth of a 
right angle; the remaining angle GCA is also one-fifth of a 
right angle. 

EXERCISE 254. 

If on the sides of a triangle segments of circles he described 
similar to a segment on the base, and from the extremities of the 
base tangents be drawn intersecting their circumferences ; the points 
of intersection and the vertex of the triangle will be in the same 
straight line, 

(Fig. 254, Plate XVII.)— Let the segments A KB, CHB 
be similar to the segment A QC on the base AC oi triangle ABC, 
and let AK, CH be tangents to A QC meeting the circumferences 
2X K, H : K, B, H are in the same straight line. 

Join BK, BH. 

Because AK, CH are tangents, the angles KAC, HCA are 
equal, but the angles at K, H are equal (III. Def 11), /. 
A KB + KAC = two rijrht angles, and hence KB, AC are 
parallel (I. 28) ; for a similar reason AC, BH are parallel, .\ 
K, B, H are in the same straight line. 

EXERCISE 255. 

A circle is described round the tmangle ABC ; the tangent at C 
meets AB produced at D ; the circle ivhose centre is D and radius 
DC cuts AB at E : show that EC bisects the angle ACB. 

(Fig. 255, Plate XVII.)— Produce DC to H. 
Because DC, DE are radii, DEC = DCE, ,\ AEC^HCE, 
and since AEC ^ EBC + ECB, and HCE = EBC + EC A 
' ECB = EC A, 
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EXERCISE 256. 

The angle ACB of any triangle is bisected^ and the base AB is 
bisected at right angles by straight lines which intei^sect at D : show 
that the angles ACB and ADB are together equal to two right 
angles, 

(Pig. 256, Plate XVIII.)— Describe a circle about the 
triangle ACB (IV. 5) ; and join AD and DB, 

The line CD^ which bisects the angle A CB, also bisects the 
arc ADB (III. 26) ; and the line BD, which bisects AB at 
right anorles, also bisects the arc ADB (III. 30) ; and .'. the 
point D is on the circumference of the circle circumscribing 
the triangle ACBy and the angles ^ Ci? and ADB are (III. 22) 
equal to two right angles. 

Note. — If AC = CB, then CD will be a diameter, and will 
pass through the point E (III. 1 and 3). 

EXERCISE 257. 
If from a point in the produced diameter of a circle a tangent be 
drawn, and the point of contact be joined with the extremities of the 
diametei* so as to form a triangle^ the bisector of the angle between 
the tangent and produced diameter will cut off from this triangle 
an isosceles triangle, 

(Pig. 257, Plate XVIII.)— Let CD be the tangent from 
the diameter AB produced to (7, and CKH the bisector of the 
angle at C meeting the sides DB, DA of the triangle ADB in 
K, H respectively : HDK is an isosceles triangle. 

CDK = CAH (III. 32), and DCK = ACH (Cons.), .'. 
DKC or HKB = AHC (I. 32), .-. DHK = DKH, and hence 
DK = DH^ ,\ HDKia an isosceles triangle. 

EXERCISE 258. 
In any triangle ABC, if AD, bisecting the angle A, cut BC at 
D, and from 0, the centre of the inscribed circle, OE be drawn 
^perpendicular to BC : show that the angles BOB, COD are equal, 

(Pig. 258, Plate XVIII.)— Draw AH perpendicular to 
BC, DOE = DAH equals half the difference of the base 
angles of ABC, or the difference between OBE, OCE {Ex, 103, 
Part L), .". OBE = OCE + DOE, but OBE + BOE = 
COE + EOCy because the angles at E are right; and since 
OBE ^ OCE + DOE, :, BOE = COD, 

o 
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EXERCISE 259. 
If a circle he described about a triangle ABC, and perpendiculars 
he let fall from the angular points A, B, C, on the opposite sidef, 
and produced to meet the circle in D, E, F, respectively, the arcs 
EF, FZ>, DE are bisected in the points A, B, C, 

(Pig. 259, Plate XVIII.)— L^t CF, BE cut AB, AC in 
i/, A' respectively. 

Triangles ^7i A", ^ C// are equiannfular, .'. the angles ABK, 
xi CH are equal, and hence the arcs AE^ AFsire equal (III. 26). 

It can be similarly shown that the arcs FD, DE are bisected. 

EXERCISE 260. 

D is the centime of the circle inscribed in a triangle BA C, and 
AD is produced to meet the straight line drawn throttgh B at i-ighl 
angles to BD at 0: show that O is the centre of the circle which 
touches the side BC and the sides A B and A C produced. 

(Fig. 260, Plate XVIII.)— From let fall the perpen- 
diculars OG and OK on AB and AC produced, and OH on 
BC ; and join OB and OC. 

Because ADO passes through the centre of the inscribed 
circle, the angle at A is bisected (FV. 4, Cor.) ; the angles at 
G and K a.re (Cons.) right angles, and the line AO is common 
to the two triangles A OG, A OK, /. OG == OK (I. 26). Again, 
since the line BD joins the centre D with the angular point B, 
the anu^le EBD = aniile DBN \ and since {hyp.) the angle 
DBO is a riirht anole, the anirle HBG is bisected by OB (I. 13) ; 
and since the angles at G and H are right angles, and OB is 
common, the perpendicular OH = perpendicular OG (I. 20). 
But OK has been shown to be equal to OG, .*. 0K= OU^OG 
{At. 1), and hence (III. 9), is the centre of the circle touch- 
ing the side BC and the sides AB and AC produced. 

EXERCISE 261. 

In any triangle the line joining the i^ertex with the centre of 
the inscribed circle will pass through the centre of the circle passim/ 
through the extremities of the base and the centre of inscribed circle^ 

(Pig. 261, Plate XVIII.)— Let A^ be the centre of insciW 
circle of triangle ABC, and let BK produced meet the circle 
passing through AKC^ at S : KS is a diameter of AKC. 
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Draw KH perpendicular U) AC. 

AKS=CKJ/(Kr. 258), and A'.S^l = A'C// (III. 21), /. KAS 
= KJ/C (I. 32), and is .*. a right angle, and hence KS is a 
diameter, and .'. passes through the centre. 

EXERCISE 262. 
l^ke opposite sides BA^ KS, and BK, AS of a (/uadrilateral 
inscribed in a circle are produced fa meet at I\ Q reKpectiveh/, ami 
about triangles ASP, KSQ, circles are described niettiny again al 
R : show that /*, R, Q are in one straight line. 

(Pig. 262, Plate XVIII.)— Join RI\ RS, RQ. 

Because ASRP, h'SRQ are quadrilaterals inscribed in circles, 
BAS = SRR, and BKS = SRQ, but BAS, BKSeqnsA two right 
angles (III. 22), .*. SRRy *S'7?^are equal two right angles, and 
hence 7^, R, Q are in the same straight line (I. 14). 

EXERCISE 203. 
is the centre of the circle circumscribing a triangle ABC ; 
D^ E^ F the feet of the perpendiculars from A ^ By C on the oppo- 
site sides : shoiv that A 0, OB, OC are respectively perjmidicular 
to EF, FD, BE. 

(Pig. 263, Plate XVIII.)— Let OA or OH produced 
meet EF in J/. 

Because OA, OC, OB are equal, ;. EAO + OB A + OCB 
equals half the sum of the angles of the given triangle, and 
hence equals a right angle ; but since OBG = OCB, .'. EA 
+ ABC equals one right angle, and since the quadrilateral 
EFBC is circumscribable by a circle, because the angles at F 
and E are right angles, AEM = ABC, .*. EAO + yl^J/ equals 
one right angle, and hence A ME is a right angle (I, 32). 
In the same way it may be proved of OB, OC, 

EXERCISE 264. 
AC is a chord of a given circle ; B and D are two given points 
in the chord, both within or without the circle : if a circle be 
described to pass throvgh B and D, and touch the given circle at II, 
show that AB and CD subtend, equal angles at H. 

(Pig. 264, Plate XVIII.)— Let HA, II C cut the circle 
in L, 6* respectively ; join L!S, and draw the tangent MH, 
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MHA = HSL = HCA (III. 32), /. LS is parallel to AC, 
and /. the arcs LB, SD are equal, hence the angles BHL, 
DHS are equal (III. 27). If the points be taken without the 
circle it can be proved in a similar manner. 

EXERCISE 265. 

A and B are two points within a circle : find a point P in the 
circumference such that if PAH, PBK he drawn meeting the circum- 
ference at H and K, the chord HK shall be the greatest possible. 

(Fig. 265, Plate XVIII.)— Let APB be the circle pass- 
ing through A, B, and touching the given circle at P : then P 
is the point required. 

For, since APB is the greatest possible angle that AB can 
subtend at the circumference, the arc I/K is the greatest 
possible, and hence the chord HK is a maximum (III. 26 
and 29). 

EXERCISE 266. 

Jf through any point M in the circumference of a circle any 
three chords MD, MK, MS be drawn, and on eachj as diameter, 
a circle be described ; these three circles will intersect in three points, 
which are in the same straight line. 

(Fig. 266, Plate XVIII.)— Let the circles intersect in 
the points W, R, H : then WRH is a straight line. 

Join SD, SK, KB, and also MW, MR, MH. 

Now, by {Ex. 10) SK produced passes through H, and MH 
is perpendicular to it ; for a similar reason KD produced passes 
through W, and MW v& perpendicular to it, and SD produced 
passes through i? in a similar manner, .'. W, R, H are the 
points in wliich perpendiculars from any point Mon the circum- 
ference of the given circle meet the sides of the inscribed KDS, 
and hence {Ex* 192) WHR is a straight line. 

EXERCISE 267. 

A BCD is a rectangle j if in triangle ABC a circle be inscribed 
touching AB, BC at E, F, and EGH, FGK be draum parallel to 
AD, CD, then the rectangle KH is equal to the gnomon AFH, 

(Fig. 267, Plate XVIII.)— Let EGH, FGK cut -dC in 
B^ Qf and let the circle touch it at W, 
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Join G JT. 

G is the centre of the circle (III. 19), .'. the lines G W^ A A', 
and CH are equal, hence triangles AKQ, GWQ are equal, as 
also are triangles CHE, G WR (I. 26), .". the whole triangle 
QRG equals the sum of triangles AKQ, CIIR, and since AC 
bisects the whole rectangle, /. KH = the gnomon AFH, 

EXERCISE 268. 

If all the sides of a quadrilateral or polygon except one he yiven 
in magnitude, the figure will he a viaxiimnn when that remaining 
side is the diameter of a semicircle , aiui the figure is inscribed in 
that semicircle, 

(Fig. 268, Plate XVIII.)— Let ABCDE be the greati^st 
polygon that can be contained by sides AB, BC, CD, DE 
given in magnitude, and AE not given : ^^ is the diameter of 
a semicircle, and the angular points of the polygon are on the 
arc of that semicircle. 

Join BE, 

Then, if ABCDE be not a semicirle, and, therefore, the 
angle ABE he not a right angle, by making it a right angle 
the triangle would be enlarged [Ex. 119, Part 1.), and .". the 
whole polygon would be enlarged. 

If the polygon be a maximum the angle ABE must, there- 
fore, be a right angle, and the segment A BCDE a semicircle. 
In the same way it may be shown that the polygon would be 
enlarged when ADE or ACE is a right angle, whatever be the 
number of sides ; and .". the polygon is a maximum when AE 
— viz., the side which is not given in magnitude, is the diameter 
of a semicircle, and the polygon is inscribed in that semicircle. 

EXERCISE 269. 

Given all the sides of a polygon ; its area is a maximum when it 
is capable of being inscribed in a circle, 

(Pig. 269, Plate XVIII. )--In the rectilineal figures 
ABCDE and FGBKM, let AB = FG, BC = GH, CD = HK, 
DE = KM, and EA = MF, and let ABCDE be inscribed in a 
circle, but FGHKM not be capable of being inscribed in a 
circle : then ABCDE is greater than FGHKM. 

Draw the diameter BN] join EN and DN', construct the 
triangle MSK equal to the triangle END^ and join GH, 
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The figure BAEN is greater than GFMS {Ex. 268), and the 

figure BNDC is greater than G^SKH^ and .*. the entire tiijure 

BAEXDC is greater than GFMSKH. But the triangle END 

= triangle MSK (Cons.), and .*. (Ax. 3) the figure AEDCB h 

greater than the figure FMKHG. 

EXERCISE 270. 

27ie area of an inscribed regular hexagon is three-fourths thai of 
the one circumscribed about the same circle. 

(Pig. 270, Plate XVIII.)— Let BD be the side of a 
regular hexagon inscribed in the circle, and AE or AG the side 
of a regular circumscribed hexagon. 

Join C, the centre of the circle, and A, B, D, G ; and at Z), 
with the line BD, make the aniile BB )V equal to the angle 
ADB (I. 23). 

Because the angle ADB ~ the angle BDW (Cons.), 
and the angles at *V are ri^ht angles, and DS common, 
the side AS = SW (I. 6) ; and DW ^ AD. Again, because 
the triangle ACD is half of an equilateral triangle, and the 
angle A DC a right angle, the angle DA C is the angle of an 
equilateral triangle, and .*. since AD = DW, ADW i^ ^.n 
equilateral triangle. 

But the angle DC W = one-third of a riirht angle ; and,since 
CD A is a right angle, and WD A — twothirdsof aright angle, 
the angle CDW = one-third of a right angle (Ax. 3), and is .*. 
equal to the angle DCW, and the side DW = CW (I. 6) = 
A W. And since AS = SW, /. SC = three-fourths of AC, 
and the trianijle DCS = three-fourths of the trian-jle DC A. 
But the inscribed hexagon is twelve times DCS, and the 
circumscribed hexagon twelve times DC A, /. the inscribed is 
three-fourths of the circumscribed hexagon. 

It can be neatly done by the VI. 19. 

Note. — This proposition can be proved by various other 
methods ; but that here adopted is, perhaps, the simplest. 
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EXERCISE 271. 

The tide BC of a triangle ABC it bisected at D and the angle* 
AJJB, ADC are bisected hy the straight Unes DE, DF, meetmif 
AB, AC at E, F, respectively : show that EFis parallel to BC. 

(Fig. 271, Plate XIX.) — Because DB, the bisector of 
the uigle ADB, meets the base at E, AJ3:DB :: AE: EB 
(VI. 3), for a simUar reason AJ) : DC : : AF : FC, but DB - 
DC {Cons.), :. AE.EBi-.AF: FC, and hence EF is parallel 
to BC {VI. 2). 

EXERCISE 272. 

FromapointE in the common base of two triangUi ACB, ADB, 
straight lines are drawn parallel to AC, AD, meeting BC, BD at 
F, Q : show that F6 is parallel to CD. 

(FiS.2t72,Pla.teXLK.}—CF:FB::AE:EB::DG:eB 
(Vt 2), .*. F6 is paraUel to CD. 

EXERCISE 273. 

If two triangles be on equal bases and between the tame paralliU, 
any straight line parallel to their baiet mil out off equal areas fiom 
the two trianglet. 

(Fiff. 273, Plate XIZ.)~Let the two triangles ABC, 
DEFbe on equaJ bases AC, DF, and between the same 
paraUels ACDF, BE, and let WMHS be drawn parallel to 
either of the former parallels cutting AB, BC at W, M, and 
DE, EF at H, S reapectively ; then WBM - HES. 

Because AF, WS, BE are parallel, and (VI. A) AC : WM: : 
AB : B W :: FE : ES ■.:DF:HS, hut AC -DF, :. WM~HS, 
and henoe WBM - UES (L 38). 
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EXERCISE 274. 

^pply VI. 3 to solve the problem of the trisection of a straight 
line, 

(Pig. 274, Plate XIX.)— On the given straight line AB 
construct a triangle ABC^ ha\dng AC = AB, and BC = half 
AB ; now the line CD which bisects the angle ACB cuts AB 
at 2) in a point of trisection. 

For AC:CB::AD:DB (VI. 3), but AC is double of CB, 
/. AD is double of DB. 

EXERCISE 275. 

Show that the diag trials of a quadrilateral A BCD, having AD 
paixdlel to BC and double of it, cut one another at F at a point of 
trisection, 

(Pig. 275, Plate XIX.)— Triangles FBC, FDA are equi- 
angular, .-. AD:DF::BC:BF, but AD is double of BC 
(Cons.), ,\ DF is double of BF, for a similar reason AF is 
double of FC. 

EXERCISE 276. 
ABC is a triangle ; it is required to draw from a given point P 
in the side AB, or AB produced, a straight line to AC or AC 
produced, sv that it may be bisected by BC 

(Pig. 276, Plate XIX.)— Let P be in AB. 

Draw PH parallel to BC meeting AC at H, and produce 
AC to M making CM = CH ; draw PM, cutting BC at N : 
PM is the line required. 

For, since NC is parallel to PH, HC.CM: : PN; NM (VI. 2), 
but HC = CM, :, PN = ^J/, or simply because CiV is parallel 
to PH from the middle point of HM, it bisects P^ . Vide 
{Ex. 133, Part I). 

Otherwise: — Draw PR parallel to ^ C meeting ^C at i? ; 
produce AC Ui M, making CM = CH, and join PM cutting 
BC B.t N) then PM is bisected at N. 

For triangles PEN, MCN are equal (I. 26), .*. PN = MN 

EXERCISE 277. 
ACB is a triangle, and the side AC is produced to D so that 
CD ^ ACi and BD is joined; if any straight line draUm parallel 
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to AB cuts the sides ACy CB in By H respectively y awl if 
HW be drawn parallel to BD meeting AB at Qy W : AQ ^ J 

(Pig. 277, Plate XIX.)— Draw CM paraUel to AB ii I 
ing BU at i/, and /. bisecting it (VI. 2). 

Triangles A QRy CMD are equiangular, .*. (VI. 4) RQ ; A 
DM\CM\:BM :CMy and triangles BWUy BCM are e 
angular ; .*. HW .BW.iBM : CM, hence BQ : AQ : : H 
BW] but since QRHW is a parallelogram RQ = HW, 
AQ^BW. 

EXERCISE 278. 

ABC is a triangle ; any straight line parallel to BC meets 
at D and AC at £ ; Join BE and CD meeting at F: show \ : 
the triangle ADF is equal to the tnangle AEF, 

(Pig. 278, Plate XIX.)— Triangles BECy BDC are eq i 
(I. 37) ; from each take the common part BFCy and CFE ■■ 
BFD, Again, CE : EA : : BD : DA (VI. 2), but CFE lAEl 
CE : EA (VI. 1), and BDF : ADF :: BD.DA, .*. CFE : A Kh 
BFDiADFy but since CFE = BFDy ;. ADF = AEF. 

EXERCISE 279. 

AB and CD are two parallel straight lines; E is the midd 
point of CD ; AC and BE meet at Fy and A E and BD meet at ( 
show that FG is parallel to A B, 

(Pig. 279, Plate XIX.)— Because CE is parallel to A 
(hijp.)y AB\CE\\AF\FC (VI. 4) ; and, for the same reaso 
because ED is parallel to ABy AB \ED\\AG\GE\ but C 
= ED (%/>.), and /. AF\FC \\AG\ GEy and by divisi( 
AC:CF::AE: EG; and /. FG is parallel to CE (VI. S 
and hence U> AB. 

EXERCISE 280. 

If ABC be a triangle having AC cut in D so that AC CD 
AD^y and let 2), B joined: show that one of the triangles is 
mean proportioiuil between the other two, 

(Pig. 280, Plate XIX.)— Because ^1C(72> = .4 i>*^ (%> 
.\AC :AD::AD:DCyhutABC :ABD::AC:AD ( VI 1), ai 
ABD : DBC : : AD : DCy .\ ABC : ABD : : ABD : DBCy ai 
heuce ABD is a mean proportional between ABC aud DBC* 
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EXERCISE 281. 

An isosceies triangle is described having each of the angles at the 
hose double of the third angle : if the angles at the base be bisected^ 
and the points where the lines bisecting them meet the opposite 
sides be joined^ the triangle will be divided into two parts in the 
proportion of the base to the side of the triangle, 

(Pig. 281, Plate XIX.)— Let ABC be the triangle, and 
CDy BE lines bisecting the base angles ; join DE : &en the 
quadrilateral BDEC is to the triangle ADE as AC to BC. 
Because the angles at B^ C are bisected and DE is parallel to 
BO, the angle EDO = angle DOE (I. 29), and the side DE 
= EC (I. 6). 

The triangle BCE = triangle ADE (I. 4) ; to each add the 
triangle BDE, and the triangle BE A = the quadrilateral 
BDEC {Ax. 1). Now, the triangle BEA : triangle BEC :\ 
AE\EC (VI. 1); that is, BDEO \ DAE : : AE\EC\\AE\ED 
{EC being = to ED), But AE [ ED .[AC : CB ; and /. 

BDEC: DAE:: AC: CB, 

Note. — This may also be proved in the following manner : — 

By VI. 19 ABC : ADE :: Am : ad^ ::ab^: abbd :: 

AB :BD; and, by division, ABC —ADE : ADE :: AB^ 
BD :BD', that is, BDEC : ADE .: AD : DB :: AD : DE :: 
AB : EC (VI. 2). 

EXERCISE 282. 
Through 2), any point in the base of a triangle ABC straight 
lines DEf DF are drawn pardUel to the sides AB, AC, and 
meeting the sides at E, Fi show that the triangle AEF is a mean 
proportional between the triangles FBD, EDO. 

(Fig. 282, Plate XIX.)— CJ^ : EA : : cd :db:: af 

: i^^ (VI. 2), but CE : EA \: EDC : AEF (VI. l), and 

af : fb :: aef : fbd, :. edc : aef ; : aef : fed \ 

hence AEF is a mean proportional between FBD and EDC 

EXERCISE 283. 

The two sides AB^ AC of a given triangle ABC are produced 
to any points D, E, so that DE is parallel to BC, The straight 
line DE is divided at F so that DF is to FE as BD is to CE : 
show that the locus of F is a straight Une* 
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(Pig. 283, Plate XIX.)— Join AR 
AD :AE \\ BD \CE \\DF \ FE, hence AF bisects the 
vertical angle (VI. 3), and is the locus required. 

EXERCISE 284. 
ABC is a triangle f and a perpendicular is drawn from A to the 
opposite side meeting it at D between B and C : show that if BA 
is a mean proportimial between BD^ BC^ the angle BAG is a right 
angle, 

(Pig. 284, Plate XIX.)— ^C : BA \\ BA \ BD {hyp.), 

/. triangles BCA, BDA are equiangular (VI. 6), but the 
angle at 2> is right, hence BAG is a right angle. 

EXERCISE 285. 

ABC is a triangle, and a perpendicidar is drawn from A to the 
opposite side meeting it at D between G and B ; if AD is a mean 
proportional between the segments of the base ; the angle BA G is a 
right angle. 

(Pig. 285, Plate XIX.)— DB : DA:: DA .DC {hyp.), 

and the angles at D are right, .', triangles DC A, DBA are 
equiangular (VI. 6), and those angles are equal which are 
opposite to homologous sides; hence DC A = DAB, and DAC 
« DBA, :. BAG = DC A + DBA, and is /. a right angle 
(I. 32). 

EXERCISE 286. 
CAB, CEB, are two triangles which have a comtnon angle B, 
and the sides GA, CE equal : if in BE produced there be taken ED, 
a third proportional to BA, AG, then will the triangles BDC, BA C 
be similar, 

(Pig. 286, Plate XX.)— Angles CAB, CED are equal, 
and AB : AG :: EC : ED, /. BCA = angle D (VI. 6), hence 
BDG, BA C are similar. 

EXERCISE 287. 
In the circumference of a circle of which AB is a diameter, take 
any point F; and d)xiw FC, PD on opposite sides of AF, ami 
equally inclined to it, meeting AB at C and D: show that AG is to 
BC as AD is to BD. 
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(Pig. 287, Plate XX.)— Let C fall without the circle, 
and produce CP to M ; join PB. 

Because A PB is a right angle it equals the angles CPA , 
BPM, but APD^ CPA (Coiis,), /. DPB = BPM, and hence 
BC :BD :: AC : ad (VI. 3 and 4), .'. alternately and in- 
versely .IC : BCWAD: BD, 

EXERCISE 288. 

A B is a diameter of a circle^ CD is a chord at right angles to 
itf and E is any point in CD ; A E and BE are drawn and pro- 
duced to cut the circle at F and G : show that the quadiilateral 
CFDG has two of its adjacent sides in the same ratio as the 
remaining sides. 

(Pig. 288, Plate XX.)— Let CD cut AB at W, and 
CB, DB joined. 

Triangles C WB, D WB are equal (III. 3), and (I. 4), .'. 
CB = DB, and hence COB = DOB (III. 28 and 27), .*. CE 
: ED : : CG : GD (VI. 3), and for a similar reason CE ; ED 
:\CF\ bD, :, CG \GD\\CF\ FD. 

EXERCISE 289. 
The line AB is dividedat C, D, so that AB \ AC \\ AC : AD; 
if A E be another line taken equal to AC, show that the angle BED 
is bisected by EC, 

(Pig. 289, Plate XX.)— Because {hyp.) BA : AC '.'. 
AC : AD; that is, BA '. AE \\ AE \ AD, the triangles ABE 
and ADE are (VI. 6) similar, and the angle ^ £^ = angle 
ABE. But since {hyp.) AE ^ AC, the angle ilCiF = the 
angle A EC ; but the angle ACE = the angles EBC and BEC 
(I. 32) ; .'. the angle AEC ^ the angles ^^Cand BEC. But 
th(j angle AED = the angle EBC, .'. the remaining angles 
DEC and BEC are equal {Ax. 3), and hence EC bisects the 
angle BED. 

EXERCISE 290. 

If two points be taken in the diameter of a circle^ such that the 
rectangle contained by the segments intercepted between them and the 
centre of the circle be equal to the square of the radius ; and if 
from these points straight lines be drawn to any point in the circumr 
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ferencef the ratio of these lines will be equal to the ratio of the seg. 
meats intercepted between the two first-mentioned points and the dr. 
cwnference of the circle^ and the included angle will be bisected by 
the straight line Joining the two points in the circumference. 

(Pig. 290, Plate XX.)— Let CED be a circle, whose 
centre is A", and in KC produced, let the points B and A be 
taken such, that the rectangle AK'KB is equal to the square 
on CK'y then if straio^ht lines be drawn from B and A^ to any 
point E in the circumference, AE ; EB W AC ] CB, and the 
the angle AEB is (VI. 3) bisected by EC. 

Join KE. 

Then because AKKB = CK^ = EK^ (%/>•), and the angle 
AKE is common to the two triangles AEK and BEK^ these 
triangles are similar (VI. 6), and (VI. 4) AE ' EK ' ' EB ' 
BE, and alternately AE \ EB :\ EK ; KB ; ; CK ' KB ; but 
(hf/p.) AK \CK:\ CK : KB, and by division AC [CK,: CB' 
BK; and alternately AC [ CB y, CK [ KB. But it has been 
shown that AE \ EB \ [ CK ; KB ; and /. AC ; CB :: AE ; 
EB ; and therefore (VI. 3) the angle AEB is bisected by the 
straight line EC. 

Note.—li ED be joined it will bisect tlie angle BEF, 

EXERCISE 291. 
A BCD is a parallelogram ; P, Q are points in a straight line 
parallel to AB ; PA and QB meet at R, and PD, QC meet at S; 
show that HS is parallel to AD. 

(Pig. 291, Plate XX.)— ^/? : PQ : : ar ; rp (VI. 4), 

and DC : PQ\\DS\ SP, .'. AR ; Rt^y, D;S ; SP, hence 
RS is parallel to AD (VI. 2). 

EXERCISE 292. 
ABC is an isoweles triangle, the angle at A being four times 
either of the others : show that if BC be tiisected in i>, E the tri- 
angle A DE is equilateral. 

(Pig. 292, Plate XX..)— AD = ^^ (I. 4), and the per- 
pendicular AF bisects DE in F, .'. CD is double of DF, and 
since the angle at F is right, and CAF is double of ACF, AC 
is double of AF\ :, CD \ DF y AC \ AF, hence AD bisects 
the angle CAF (VI. 3), .*. DC A = DAC, and DA ^ DC ; 
for a similar reason EA = EB, .'. ADE is equilateral. 
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EXERCISE 293. 

AB 18 the diameter of a circle^ E the middle point of the radius 
OB ; on AEj EB as diameters circles are described \ PQL is a 
common tangent meeting the circles at P and Q, and AB produced 
at L : show that BL is equal to the ixidius of the smaller circle, 

(Pig. 293, Plate ICIC.)— Join C, the centre of thelarofer 
of the two inner circles, and P ; join iT, the centre of the 
smaller of the inner circles, and Q, 

Then, since the angles at P, Q are right angles (III. 18), and 
the angle at L common to the two triangles CPL^ KQL^ these 
triangles are similar (VI. 4), and CP \ KQ \\CL\KL\ but 
CP is {Cms.) = SiTQ, /. CL = %KL, and hence GK = 2ZX. 
Again (C<yns,\ CK = iKB, /. ^KB = 2KL, and hence 2KB 
« KL ; and .'. KB ^ BL = the radius of the smaller of the 
inner circles. 

EXERCISE 294. 

A and B are two given points ; A G and BD are perpendicular 
to a given straight line GD ; AD and BC intersect at E, and EF 
is perpendicular to GD : show that AF a/nd BFmake equcU angles 
with GD. 

(Pig. 294, Plate XX.)— !» the similar triangles BDE 
and AEG (I. 29 and VI. 4), BD : AG \\ BE \ EG', and 
because EF is parallel to BD, BE \ EG W DF \ FG ; and ;. 
BD\AG \\DF\ FG, and alternately BD \ DF \\ AG \ FG, 
and therefore (VI. 6) the triangles BDF And AG F axe equi- 
angular, and the angle BFD = angle GFA ; that is, AF and 
BF make equal angles with GD. 

EXERCISE 295. 

Three points 2), E, F in the sides of a triangle ABC being 

joined form a second triangle, such that DF, DE make equal angles 

with BC, also ED, EF with AG, and FD, FE with AB : show 

that AD, BE, GF are at right angles to BC, GA, AB respectively, 

(Pig. 295, Plate XX.)— Produce FD to PT, and let FG 
cut DE in M. 

Because DC bisects the exterior angle of triangle FDM and 
meets the base FM produced, FD \ DM \\ FG \ CM (VI. 4), 
for a similar reason FE \ EM \\ FG \ CM, /. FD \ DM\ \ FE 
: EM, and hence GF bisects the angle EFD (VI. 3), .'. AFC 
= BFG, and GF is at right angles \<i AB. It may be similarly 
shown that AD, BE are perpendicular to CB, GA respectively. 
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EXERCISE 296. 
Find a point mthout a given circle such that t/te sum of tht two 
tangents from it to the circle shall be equal to the secant from it 
through the centre, 

(Pig. 296, Plate YS..)—^^^ the diameter ACB] from 
A draw AD dX right angles to AB, and equal to half the radius 
AC ; through D draw the tangent FDP meeting BA produced 
ill P : then P is the required point. 

Because the triangles O/^/^and^Pi) have each a common angle 
at P, and a right angle, thev are similar, and CF ; FP : : DA I 
AP ; and alternately CF \DA\\FP\ AP, But CF = WA 
(Cms,), ;. FP =tAP. Now, BPPA = FP^ (III. 36) = 
4i4P2; and hence £P = 4AP, and /. BA ^ SAP; that is, 
AP = one-third of the diameter. 

EXERCISE 297. 
The straight line AD is divided into three equal parts in the 
jmnts B and C ; a circle is described with B as centre and BA aa 
radius, and any circle cutting this is described with D as centre : 
show if a chord to both the dixies be drawn from A, through one of 
tli€ points of intersection^ it will ie bisected btf this point, 

(Pig. 297, Plate XX.)— Let APH be the cKord to both 
circlds ; then AP i& ^ual to PH, 

From B and D, the centres of both circles, let fall perpen- 
diculars BM, DX, which (III. 3) bisect AP, PH, respectively ; 
join CP, 

Now, since the angle APC is a right angle (III, 31), BM, 
CP, and DN are parallel ; and /. (VI. 2) AB \ BC W AM : 
MP \ and since AB ^ BC (hyp.), AM ^ MP, Again, BC \ 
CD \\MP\ PN ; and since BC = CD, MP « FN, But MP 
= half of AP, and PN^ half of PH ; and .\ AP = PH. 

EXERCISE 298. 
To draw n straight line parallel to a given straight line such that 
the part of the parallel intei*cepted between two other straight lines 
given in position may have a given ratio to the perpendiadar 
distance between the two parallels, 

(Rg. 298, Plate XX.)— ^^^^ ^^ ^ a given straight 
line falling on t^o other given straight lines AC, BC ; it is 
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rc»quired to draw a jKii-allc*! to AB such that the part of it 
intercepted Ixjtween AC and BU may have a i;iven ratio to the 
perpendicular distance between AB and the parallel. 

Through C draw CD parallel to AB and CF perpendicular 
to it ; and take CD to CF in the given ratio. Join ii, D 
cutting CB in E ; draw EG parallel to A B, and GN parallel 
to CF or perpendicular to AB ; then EG is the line required. 

In the similar triangles ACB, AGE, CD . CA :: EG : GA ; 
and, alternately, CD ; EG ;: CA ; GA. But in the similar 
triangles ACF", AGH, CA \ GA ;: CF [ GH\ and, /.,from 
equality of ratios, CD \ EG [ [ CF: OH ; and, alternately, CD 
: CF : : eg : GIf. Hence, therefore, EG is to GH in the 
(:iven ratio ; and EG is parallel to AB. 

Note.— If CD be equal to CF, EG will be equal to GH ; and 
EG or 67/ will l>e a side of an inscribed square. 

EXERCISE 299. 

If two triangles have Ofie angle of the one equal to one angle 
of the (tther and another angle of the one supplementarjf to another 
angle of the other, the sides opposite to these four angles will he 
proportionals. 

(Pig. 299, Plate XX.)— Let the two triangles i4/?C and 
ADE have angles BAC and DAE equal, and let the angles 
BCA and EDA be supplementary. 

Place these triangles so that AC and AD may be in one line ; 
then AB and AE shall also be in one straight line (I. 14). Let 
the angles BCA be greater than ADE. 

From H draw BF parallel to DE. Because BF is parallel 
\o DR, the angles BFC and ^Z^JE'are equal (I. 29); and 
because BCA and ADE are supplementary, and BCF&nd BCA 
are also supplementary, /. BCF^ BFC, and BF = BC. Now, 
the triangles ABF and ADE being similar, AB \ BF \ \ AE \ 
ED ; but, since BF == BC, this proportion becomes AB \ BC 
\\ AE\ ED. 

EXERCISE 300. 

ABC D is a quadrilateral inscribed in a circle; BA, CD, are 
prnduced to meet in P, and AD, BC, are produced to meet in Q : 
prove that PC is to PB as QA is to QB. 

(Pig. 300, Plate XX.)— In the two triangles AQB and 
CPB, since the angle B is common and the angles QAB and 
FCB supplemental, CP : FB - Q^ : QB {Enc. 299). 
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EXERCISE 301. 

'The angle A of a trkwyle is bisected by AD which meets the base 
at D, and is the middle point of BC : show that OD bears the 
same ratio to OB that the difference of the sides bears to their sum. 

(Pig. 301, Plate XXI.)— Now, because OD equals half 
the dittereiice of DB and 2>C, and AD bisects the angle A, .*. 

OD : OB :: ab — ac: ab + ac. 

EXERCISE 302. 

In the sides AB, AC of a triangle ABC are taken tico points 
D, E, such that BD is equal to CE ; i)E BC are produced to 
mttt at F: show that AB is to AC as EF is to DF. 

(Pig. 302, Plate XXI.)— From D draw DG parallel to 
AC. Then (VI. 4) AB ] AC :. D/i = EC : DG : ; EE: DF. 

EXERCISE 303. 
//* from any angle of a rectangular pvralklogram, a line be 
drawn to the opposite side, and from the adjacent angle of the 
trapezium thus formed a perpendicular be drau^i to the former ; 
the rectangle contained by these two lines, is equal to the given 
jHirallelogram. 

(Pig. 303, Plate XXI.)— Let E be a point in the side 
DE of the rectangle A BCD, to which ^^ is drawn, and BF 9, 
perpendicular on this line : then AE'BF= the rectaAjjle A BCD. 

Because the angles at D, Fa.re right, and A ED = EAB 
(I. 29), .-. trianirles DAE, FBA are similar (VI. 4), .*. AE 
\ AB \\ AD \ BF, hence AEBF ^ ABAD ^ the given rect- 
angle. 

Otherwise : — Join BE. 

Then AE.BF = twice triangle AEB = rectangle A BCD. 

EXERCISE 304. 
ABC and ABF are triangles on the same base AB in the ratio 
of two to one ; AF and BF produced meet the sides at D and E ; 
in FB, a part FG is cut off equal to FE, ami BG is bisected at O : 
show that BO is to BE as DF is to DA. 
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(Pig. 304, Plate XXI.)— Join CF, and produce it to 
meet AB in H; join II G ; and through // draw HK parallel to 
BC. 

Because the triangle A BC is double of the triangle A BF 
(hyp.), and they are on the same base, AB, the altitude of ABC 
is' double that of ABF, and CF is equal to FU. But (htfp.) 
EF = FG, and the angle KFC = -angle GFH (I. 15), .'. the 
triangles FFC&nd HFG are equal in every respect (I. 4), and 
the angle ECF = angle GHF, and therefore (I. 27) EC or AC 
is parallel to GH. Again, since HK is parallel to CZ>, and 
CF = FH, the triangle FCD = triangle FHK, and DF = KF 
Now, because GH is parallel to AE, EB \ BG \\ AB \ BR 
(VI. 2) ; and because HK is parallel to5i>, AB \ BH \\ AB\ 
DK\ and :, AD\ DK\ ; j5'j5 : ^^. But, since J?6' = '2B0 
(Cons.)y and DK — ^DF^ the last proportion becomes AD \ 
2DF :: EB : 2B0 -, and .*. AD ; DF \\ EB \ BO, and, 
inversely, DF \ DA \\ BO \ BE. 

EXERCISE 305. 

To descf'ibe a paralleloyram having its adjacent sides respect iveh/ 
equal to the segments of one straight line divided in extreme and 
mean ratio, and its diagonals equal to the segments of another 
straight line divided in the same manner. 

(Pig. 305, Plate XXI.)— Divide any straight line AC 
in extreme and mean ratio in D (VI. 30) ; on AC describe 
the equilateral trianjfle ABC ; through D draw DE parallel to 
CB, and DF pwallel to AB (L 31) : th«a DEBF is the 
parallelogram required. 

Join BD and EF, Because ED is parallel to BC, the 
triangle A ED is equilateral ; and because 2>i^ is parallel to AB, 
the triangle DFC is equilateral ; and DF = EB, and DE ■ 
BF (I. 34); and /. AB in divided in E, and BC in F, 
similarly to AC in D. Now (%.), CA : AD :: AD : DC ', 
or BA : AD : ; FB ; BE; and the angles at A and B are 
(Cons,) equal, .'. the triangles ABD and FBE are similar, and 
^j^ :EF:: AD : DB; that is, 2>C : EF :: AD : 2>^, and 
alternately DC . AD :: EF : DB ; and by composition Cil : 
ilD : : EF + i>^ : DB. But (Cow^. and hyp.) Ca\ AD\\AD 
: DC ; and •.-. AD \ DC \\ EF -f DB \ DB ; but ED = ilA 
and i>i^ *= DC, hence also />// and EF are the segments of a 
line equal to their sum cut iu extreme and mean ratio. 
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EXERCISE 306. 

In any tnauyle^ right-anyled at yl, if CD be arawn bisecting the 
angle C, show that AB \ AC W BC — AC \ AD. 

(Pig. 306, Plate XXI.)— *>oni D draw DU at right 
angles to BC. Then, since the triangles BCA and BDli arc 
similar, BA \ AC \\ BlI \ 11 D ; that is, since HC =^ AC, and 
IID = AD (I. 26), BA .AC :: BC — AC : AD. 

EXERCISE 307. 

A BCD is a qundriiateral in a circle ; the straight lines CB, DE 
which bisect the angles ACB, ADB cut BD and AC at F and G 
respectively : show that KF is to EG as ED is to EC. 

(Pig. 307, Plate XXI.)— Because the angles ADB and 
A CB are equal (III. 27), their halves, the angles EDF and 
AC F are equal, and the angle DEC is common to the two tri- 
angles DEF and CEC, .*. thc^se two triangles are equiangular 
(I. 32), and FE . ED \\ GE \ EC (VI. 4), and alternately 

FE : EG :: ED : ec, 

EXERCISE 308. 

A tangent to a circle at the point A intersects two parallel 
tangents at By C, the points of contact of which with the circle are 
Dy E respectixely ; and BE, CD intersect at F : show that AF is 
parallel to the tangents BD, CE, 

(Pig. 308, Plate XXI.)— Triangles FDB, FCE axe oqui- 
angular, /. BF \ BD\\ EF \ EC, hut BD = BA and CE= CA, 
being tangents, .'. BF ] BA ;; EF [ C^, and hence ^/' is 
parallel to CE or BD (VI. 2). 

EXERCISE 309. 

From any point F tangents PM, PN are drawn to a circle, and 
MK is draini pBrpendicnlar to the diameter HN : show that MK 
is bisected by PH at S, 

(Pig. 309, Plate XXI.)— Produce PM to meet the 
tangent 11 W, Bearing (III. 16) in mind the following ratios 
suggest themselves :- SK \ PX \ \ IL'S \ UP \ \ WII \ WP : ; 
6M ; PJS\ :. iSK = 6M. 
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Or, thus — Join HM and produce it to meet NP produced at 
T. Now tlie angle PTAf = WI/F = WMH = PMT, /. PM 
= Py\ hence P7\ PM urc. c?qiial, .'. I/P, drawn to the middle 
point of yy\ bisects MK drawn parallel to XJ' (Ka\ 156, 
Pakt I.). 

EXERCISE 310. 

If ttVif circlea touch each other, and also touch a i/ivev tttraiijht 
line, the part of the straight line between the points of contact is a 
mean jyroportiomil between the diameters of the circles. 

(Pig. 310, Plate XXI.)— Let ACD and BC£ be two 
circles touching in the point (7, and let them touch a straight 
line A/J ; from A and JJ draw the diameters ADy BE; join A, 
D, B, E with C ) from C draw CT a. common tangent to the 
circles. 

Because A T and CT are tangents from I' they are equal, and 
the angle TAC = angle TCA ; for the same reason TB = TC, 
and the angle TBC = angle TCB, .'. the angle ACB = TAC 
+ TBCy and hence ACB is (I. 32) a right angle. Again, the 
angles ACD and BCE are (III. 31) right angles, and hence 
A CB and BCE are right angles, and (I. 14) A CE and BCD 
are straight lines. 

The angle BAK = angle ADC (III. 32) ; for the same 
reason the angle ABC = angle BE ; and the angles BAD and 
il 5-^ are right angles, .'. the triangles DBA and ABE axe 
similar, &nd DA \ AB \\ AB \ BE, 

Note. — See Exercise 202, in which this is done by III. Book. 

^EXERCISE 311. 
Fntni the extremities B, C of the base of an isosceles triangle 
ABC, straight lines CE, BF are drawn at right angles to AB, AC 
respectively, and intersecting at D : show that the rectangle BC 'AD 
is double of the rectangle AB'DE. 

(Pig. 311, Plate XXI.)— Produce AD to meet BC at //. 

Because the angles at E and H are right angles (hgp.), and 
the angle KAH common, the triangles ABH and ADE are 
similar ; and ;. AB \ BH \\ AD \ DE, and hence the rectangle 
AB'DE = rectangle ADBU. Now BC ^ 2BH, and the 
rectangle ADBC = 2AD'BH \ and .'. ADBC = 2AB'DE. 

Otherwise :—BHAD = 2ADB =: AB'DE, and CH = BN, 
• BC'AD = 2ABD£. 
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EXERCISE 31 L>. 

If a rectangle he inscribed in a right-angled triangle^ having the 
right angle common^ the rectangle of the segments of the hi/potennse 
will be equal to the sum of the rectangles of the segments of the suUs, 

(Pig. 312, Plate XXI.)— Let the rectangle D^JiF be 
inscribed in the right-angled triangle AliC, havinu* the ri\;ht 
angle at B common; then the rectangle AD' DC = AEEli + 
CF'FB. 

From E let fall the perpendicular EG. Because the tri- 
angles AEG and DEC are similar, EA \ AG W CD \ DF, and 
.-. EADF = EA'EB = AG CD. Again, since the triangles 
DEG and DCF are similar, ED . DG \\CD\ CF, and .-. 
ED'CF = BF'CF = DGCD. Now, adding equals to equals, 
EAEB + BF'CF = AGCD + DGCD = {AG + DG)CD = 
AD CD. 

Another Method (without the VI. Book) : — 

AC^ = AB^ + BC- (I. 47) ; and as AC^ ^ A D^ + DC^ + 
2A/)'DC (II. 4), and AB'^ = AE^ + EB^ + 2AE'EB, and 
BC' = Z?/"-' + FC^ + 2BF'FC, hence yIZ>-'-f/>C-4-2i4Z>-'-2>C 
= ^^2 + JE'/?-* + ^F2 + FC^ + 2AE'EB-^2BF'FC. Again, 
since ylZ)-' = ^1^:^ + /?/>-» = AE'^ -{- BF'^ ; and Z>C-'= 7)/'-' 
+ CF^ = JS'^-i + CF-^ ;. {A.r. \) AE'^ -h BF'^ + IAD- DC 
-f Z>/'2 4. c'y^-2 = ^^2 + /;/?2 + /lA^J5'/i + BF^ + /'C-' + 

yy/^/'C, and {Ax. 3) 2AD'DC = lAEEB + 2UF'FC\fxnd /. 
AD'DC ^ AE'EB + i^/^/^'C. 

EXERCISE 313. 

Om Me ."*?V/«5 JB^, />C o/' a right-angled triangle ABC, right- 
angled at B, squares BSD A, BHEC are descinbed ; and CD, AE 
are draum cutting BA, BC at X, M respect ivehj : show that equal 
parts are cut off from the sides of the triangle by these lines, and 
that each of these equal jxirts is a mean proportional between the 
remaining segments of the sides. 

(Pig. 313, Plate XXI.)— W : CB :: DS ; BX (VI. 4), 

that is, AH : HE W AB \ BX W AB : BM, .'. BX = BM. 

Again, AX \ BX \: AD\ BC (VI. 4), that is, AX ; 7/.V ; ; 
AB : BH :: B^f : cm, hence BX or BM is a mean pro- 
portional between AN, CM. 
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EXERCISE 314. 

ABC is a triangle having a right angle at C ; ABDE is the 
square described on the h/potenme , F, G^ H are the points of 
intersection of the diagonals of the squares tn the hffpotenuse and 
sides : show that the angles DCE^ GFH are tagether equal to a 
right angle. 

(Pig. 314, Plate XXI.)— Join FA, FK. 

Triangles AFE, AHC are equiangular, ;. AE\ AC W AF \ 
AH (VI. 4), and angles EAC^ FA H are equal, /. triangles 
BAC, F^ // are equiangular (VI. 6), .'. ARC ^ AHF, for a 
similar reason hCD = BGF, but GFH = AHF-vBGF^AGE 
+ BCD, hence DCE + GFH = ACB, which is a right angle. 

EXERCISE 315. 

A straight line AB is divided into any two parts at C, and on 
the whole straight line and on the two parts of it equilateral tin- 
angles AD B, ACFy BCF are described^ the two latter being on 
the same side of A By and the former on the opposite side ; Gy H, K 
aj*e the centres of the circles inscribed in these triangles : show that 
the angles AGHy BGK are respect toebf equal to the angles ADC^ 
BDCy and that GH= GK. 

(Pig. 315, Plate XXI.)— Join C//, DG. 

AD \ AC \\ AG \ AHy because AGDy AHC are equiangular 
(VI. 4), and the angles DACy GAH Sive equal (IV. 4) .*. tri- 
angles DACy GAH are equiangular (VI. 6), hence the angles 
ADCy AGH BLve equal. It can be shown in like manner that 
BDCy BGK are equal. 

Again, because DA ] DC \\ GA \ GHy and DB ; DC \ ; GB\ 
GKy :, GA \GH\\ GB \ GKy but GA = GBy /, GH = GK, 

EXERCISE 316. 
If a straight line touch a circhy and a perpendicular be drawn 
from the point of contact on any diameter y and if from the eTtremi- 
ties of this diameter and from the centre perpendiculars be drawn to 
meet the tangents ; the four perpendiculars will be proportionals. 

(Pig. 316, Plate XXII.)— Let the straight line touch 
the circle at G, of which ^ fZ" is the diameter, and D the centre ; 
let ACy DEy FGy HM be the perpendiculars to the diameter 
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meeting the touching line at C, E^ 0, M; produce CM^ AH 
to meet at B^ and join DG : then Ad DE, FO^ HM are 
proportionals. 

Because DGB is a right angle, DBBF = BQ^ = ABBH 
(in. 36), ;, AB \DB \\ BF \ BH -, that is, AC \ DE \\ 
FO : HM. 

EXERCISE 317. 
If a perpendicular be drawn from the right ctngle to the hypo- 
tenuse of a right-angied triangle^ mid circles be inscribed in the two 
smaller triangles into which the given triangle is divided^ their 
diameters wiU be to each other as the sides containing the right angle, 

(Fig. 317, Plate XXII,)— Let E, D be the centres of the 
circles inscribed in the triangles BAF^ CAF ; EMy 2>JV their 
radii on the sides about the right angle j and let AF he the 
perpendicular from the right angle A of the given triangle BAC^ 

Join EA, EB, DA, DC. 

The angles FAC, FBA are equal, /. angles DACy EBA are 
equal (IV. 4) ; for a similar reason DC A = EAB, ,\ DC Ay 
FAB are similar, as also are DCN, EAM, /. 2DN : 2EM : : 
DC : EA :: AC : AB\ that is, the diameters are to each 
other as the sides about the right angle. 

EXERCISE 318. 

If through the vertex and the extremities of the base (fa triangle 
two circles be described intersecting each other in the base, or base 
producedy their diameters are proportional to the sides of the 
triangle. 

(Fig. 318, Plate XXH.)— Let the circles ABM, CBM 
intersect in the point M in the base AC oi triangle ABC \ and 
let BR, BK be their respective diameters. 

Now, R, M, Ky are in the same straight line {Ex. 10, Pabt II,), 
and angle R « angle A (III. 21), for a like reason the angles at C, 
JT are equal, /. triangles ABC, RBK are equiangular (I. 32), 
hence BR:BK:\BA\BC (VI. 4). 

EXERCISE 319. 
From the point of intersection of two tangents to a circle let a 
secant be drawn, and the points of contact joined with the points 
tv/tere the secant cuts the circle ; a quadrilateixil will be fornied in 
which ike rectangle under the apposite sides are e^ual. 
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(Pig. 319, Plate XXII.)— Let Jf be the point of inter- 
section of the tangents MN^ MQ, and MWIf, the secant; join 
^■M, NH, QW.QH: then QHNW = NILQW, 

Triangles HMN, NMW s^re similar, /. UN \ NW W MN : 
MW] for a similar reason HQ \ QW ] ; MQ ; MW, but MN = 
MQ, /. UN : NW :: HQ \ QW] hence HNQW^ NWHQ 
(VI. 16). 

EXERCISE 320. 

A and B are two paints on the circumference of a circle of which 
C is the centre ; draw tangents at A a^id B meeting at T ; and 
frmn A draw AN perpendicular to CB : show that BT is to BC 
as BNis to NA. 

(Pig. 320, Plate XXII.)— I^^aw CT, AB intersecting 
at B. 

Because TBB, TBC are right angles, ABN = CTB ; hence 
triangles ABN, CTB are equiangular, /. BT ; BC \\ BN\NA 
(VI. 4). 

EXERCISE 321. 

Find a straight line such that the perpenaiculars on it frmn three 
given points shall he in a given raiio to each other. 

(Pig. 321, Plate XXII.)— Let A, B, C be the three 
given points, and let a \ c be the ratio of the perpendicular 
from A to the perpendicular from C on the required line ; and 
c : h the ratio of the perpendicular from C to that from B. 

Join A, C, and divide the line AC 9,t D in the ratio of a : c 
(VI. 10) ; join C, By and divide the line CB at E in the ratio 
oi c \ b y through 2>, E draw the straight line HDEG ; then 
HDEG is the required straight line. 

From Ay By C draw AHy BKy CG perpendicular to the line 
HDEG. Now, in the similar triangles AHD and CGD, AH : 
CG ;: AD : DC (VL 4) ; but AD : DC :: a\c (Cons.), /. 
AH 1 CG : : a \ c. Again, in the similar triangles CEG and 
BEKy CG : BK :: CE : EB :: c : b (Cons.). Again, since 
AH \ CG \\ a\ Cy and CG , BK W c : by /. AH \ BK : : 
a : b. Therefore HG is the straight line required. 

Note. — This may also be done by joining Ay By and By C, 
and dividing the joining lines in the given ratios of a * ft, and 
of h ; c, 
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EXERCISE 322. 

Jf the 2)€rpendiculars from two fixed points on a straight line 
passing between them he in a given ratio, the straight line must pass 
through a third fixed point, 

(Pig. 322, Plate XXII.) — Let the perpendiculars from 
A, C meet the straight line BD at 5, D respectively ; join AC 
cutting BD at M. 

Now M is tlie third fixed point ; for since triangles A BM, 
CDM are equiangular, CD \ AB \\ CM \ AM, hence the 
point M is fixed. 

EXERCISE 323. 

P and Q are fixed points ; AB and CD are fixed parallel 
straight lines ; any straight line is drawn from P to meet AB at J/, 
and a straight line is drawn from Q parallel to PM tneeting CD at 
N : show that the ratio of PM to QN" is constant, and thence show 
that ttie straight line through M and N passes through a fixed point 

(Pig. 323, Plate XXII.)— Because PM is parallel to 
QX, and PQ meets them, the angle QPM = angle PQN (I. 29) ; 
and since PM and ^ Jf are respectively parallel to QN and DN, 
the angle PMF = angle QFG {Ex, 27, Part I.) ; and .*. the 
triangles MPF and QNG are (I. 32) equiangular and (VI. 4) 
similar, and FP \ PM W GQ \ QN, and, alternately, FP \ GQ 
: : PM: QN, But FP : GCi\& constant, /. PM \ QN is also 
oonstant. Again, from similar triangles, FPM and GQN, and 
FMS and GNS, PF \ FM \ \ QG ; GN ; and MF : FS \ \ NG\ 
GS, :. PF: FS :: QG : GS, and, alternately, PF : QG : : FS 
: SG, But PF : QG is constant, .'. FS : SG is constant, and 
the point S, through which MN passes, is fixed. 

EXERCISE 324. 

Through a given point within a given angle draw a straight line 
meeting the legs of the angle so that it may he divided at the point 
in a given ratio* 

(Rg. 324, Plate XXII.)— Let HAR be the angle, and 
iT the point within the legs. 

Draw KW parallel to A£f, meeting ^i^ at W; in WH take 
J£ so that A }V : WM in the given ratio ; join ^1/^and produce 
it to meet AH a,t S : SM is the line required. 

SK:KM::AW: WM (VI. 2); that is, in the given ratio. 
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EXERCISE 325. 

Through a given point draw a straight line so that the parts of it 
intercepted between that point and the perpemlicnlars drawn to the 
straight line from two other given points may have a given ratio, 

(Pig. 325, Plate XXII.)— Let A be the point through 
which the line is to be drawn, and if, C the other given points. 

Join AB and produce it to ^, so that AE \ AB may l>e m 
the given ratio. 

Join CEy and draw AD perpendicular to it : ^2> is the line 
required. 

Draw ^Jf parallel to CE meeting AD at M. CD^ BM are 
at right angles to i4Z>, and AD \ AM \\ AE \ AB^ i,e., in the 
given ratio. 

EXERCISE 326. 

Draw through a point a straight line, so that the part of it 
intercepted between a given line and a given circle may be divided at 
the given point in a given ratio, 

(Pig. 326, Plate XXII.)— Let K be the gi^en point and 
// the centre of the given circle. 

Join KH and produce it l)oth ways to meet the circle again 
at A, and the given line at >S ; cut KA at (> so that *S'A'' ; KQ 
may be in the given ratio, and draw Q W parallel to the given 
line meeting the circumference at H ; join WK and produce it 
to meet the given line at R : WR is the line required. 

^ox KR\ KWV.SK : KQ, ; that is, in the given ratio. If 
the given ratio be less than the ratio of i^K to KA^ or greater 
than that of ^K to KN^ the solution is impossible, AN being a 
diameter. 

EXERCISE 327. 

Oi'Ceti two circles which intersect^ draw through eitlter point of 
intersection a line cutting the circles, so that the chords intercepted 
may be in a given ratio f 

(Pig. 327, Plate XXIL)--Cut AB, the line joining their 
centres in 2>, so that the segments may be in the required 
ratio (VI. 10), and join D with if, one of the points of inter- 
section ; through jU draw NMH at right angles to DM^ 
meeting the circles e,t N, If : NMH is the line required. 

Draw AR, BQ perpendicular to MN, MH. Then NM \ Mii 
\\AD\DB (in, a> and (V, 16) i that is, in the giv«ii »tio- 
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EXERCISE 318. 

Frwii what point in a circle must a tangent be drawn so that a 
perpendicular on it frmn a given point in the circumfei'ence may be 
cut by the circle in a given ratio, 

(Pig. 328, Plate XXII.)— Let M be the given point in 
the circumference of the given circle WMS^ and D the centre. 

Draw the diameter MD W and produce it to N^ making M W 
\ WN in the given ratio ; draw the tangent NO : then is the 
point required. 

Produce NO ; draw MK perpendiculax to it at A", and let 
AiK cut the circle at 6*, and join WS, 

The angle at 6' is right (III. 31), .*. WS is parallel to iVA', 
hence M6 : SK \\ MW : WN, i.e., in the given ratio. 

EXERCISE 329. 
If the ifiterior and exterior vertical angles of a triangle be 
bisected by two straight lines cutting the base and base produced, the 
line made up of the base and its produced part is cut haimonically, 

(Pig. 329, Plate XXII.)— Let ABC h^ a triangle, and 
let the interior vertical angle ABC and the exterior vertical 
angle CBE be bisected by BD and BF cutting AC in 2>, and 
AC produced in F: then the line AFis cut harmonically in D 
and (7. 

Because the angle ABC is bisected by BD, AB : BC : : AD 
: DC (VI. 3) ; and because the angle CBF is bisected by BF, 
AB : BC : : AF : FC (VI. Prop, A) ] and /. from equality of 
ratios, AF\FC \\ AD\ DC\ hence AF is cut harmonically. 

EXERCISE 330. 

If through 0, the middle point of the base AC of a triangle ABC 

a line DGFE be drawn meeting BA produced in D, BC inF, and 

BE parallel to the base at E : DOFE is ctU harmonically, 

(Pig. 330, Plate XXII.)— Because the parallel ^C is 
bisected at (J, and the triangles FGC, FEB^re equiangular, .'. 
ED\DG\ \EB\ GC : : EF \ FG (VI. 2 and 4), hence DGFE 
ig cut liarmonicaily. 
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EXERCISE 331. 

If through any pohU in the produced diameter of a circle two 

straight lines he drawn making equal angles with t/ie diameter and 

cutting the circumference in four points (a), the straight lines joining 

he opposite points i7itersect each other in the diameter ; and (b) 

heir point of intersection atid the convex circumference divide the 

produced diameter harmonically. 

(Pig. 331, Plate XXTII.)~~Let C be any point in the 
diameter AH produced, and let the straight lines CEF and 
CGH make equal angles with AC and cut the circumference in 
j&, Fy G, H ; then the straight lines EH and FG, joining the 
nearer point of one with the more remote point of the other, cut 
AB m the same point 2> ; and AC i& divided harmonically in 
D and B. 

Join AF, AH, AE, EB. 

(a) Because the angle ACF = angle ACH (hyp.), CE = CG 
(III. 8) ; and because FCCE = HCCG (III 36), and that 
CE = CG, FC must be equal to HC (I. 36), and EF = HG 
{Ax. ^)\B.nei AF ^ AH (I. 4), and /. the angle i'^^/J= angle 
FGH (III. 28 and 27), and their supplements DEC and DGC 
are equal (Ax. 3), and hence EH and GF cut ^C in the same 
point D. 

(b) Because AF ^ AH^ the angle AEF = angle A EH 
(in. 28 and 27) ; but as the angle A EB is a right angle 
(III. 31), the angles i^^il and ^i^(7 are together equal to a right 
angle (I. 13), and are therefore equal to HEB + AEH ; but 
AEF = AEH, :. HEB = EEC. Now, since the interior 
an.'le DEC and the exterior angle HEF, of the triangle DEC, 
are bisected by EB and EAy AC\CB\\AD\DB {Ex. 329), 

.*. AC lA cut harmonically in D and B. 

EXERCISE 332. 

If a straight line he drawn from the point of intersection of two 
tangents to a circle to any point in the concave circumference, it unll 
be divided harmonically by the convex circumference and the chord 
joining the points of contact 

(Pig. 332, Plate XXIII.)— Let P be the point of inter- 
section of two tangents AP, BP to the circle ADBC ; let 
PDEC Ije any secant drawn from P ; and let ^, B be joined ; 
then the line PC is cut harmonically in D and E, 
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The rectangle CPPD = AP^ (III. 36) ^ PE^ + AEEB 
(Ex. 253, Part I.) = />^ + CEED (III. 35). But PE^^ 
EP'PD + EP'ED (II. 2); and .-. CEED-\'EP'PD-it^EPED 
^CP'PD = CE'PD ■\' EP^PD (IL 1). From these equals 
take EPPD, and (Ax, 3) CEED + EPED = CA'i"/). But 
CEED + iTP-^i) = (C^ + EPyED = CP .&2> ; and /. 
{Ax, 1) CP-J^i) = CE'PD ; and hence (VI. 14) CP \ PD \\ 
CE ; ED^ and therefore CP is cut harmonically in D and E. 

EXERCISE 333. 

Jf two tangents BA, EC he drawn to a circle, and a thirdy 
DHEF, touching that part of the arc between the former at If , and 
cutting £A, BE, and AC produced cU D, E, and F respectively : 
then DHEF is cut hartnonicaUy. 

(Pig. 333, Plate XXIII.)— Draw EG parallel to BA 
meeting AC At G, 

Angles ECG, EGC are equal, /. EG ^ EC ^ HE and 
DF : FE :\ AD ^ DH : EG = HE, hence DHEF is cut har- 
monically at H, E. 

EXERCISE 334. 

If twc circles intersect. at iHght angles, then any line through the 
centre of either is cut hannmiically by the other circumference, 

(Fig. 334, Plate XXIII.)— Let CNQA be drawn through 
the centre M of one of the circles BQC, CQ being its diameter, 
and let it intersect the other at N, A : then the line CXQA is 
divided harmonically by the circumferences. 

Let B be one of the points of intersection, and join AB, QB, 
XB, MB, CB. 

Produce ^4 ^ to W. 

Because angle MBN — angle A , and MBQ = MQB — angle 
A + ABQ, ,\ ABQ = NBQ, hence aQ \ QN \\ AB \ BN 
(VI. 8), and because QBC is a right angle (III. 31), BC 
bisects the exterior angle NEW, /. AC : CN W AB \ BN, 
consequently AQ : QN W AC : CN, :, CNQA is divided 
harmonically. 

EXERCISE 335. 

If through the extrennities and points of section of a straight line 
divided harmonically, straight lines be drawn to any point without 
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the line^ then four lines divide harmonically any straight Uae that 
falls upon themy or their continuations, 

(Pig. 335, Plate XXni.)— Let the straigbt line ABy% 
dividea harmonically in D and E, and let C be any point 
without it; join CA^ CD, CE, CB ; then any straight line 
FGHMy falling oa these lines, is divided harmonically in G 
and H. 

Through E draw WK terminating in EC and CD produced, 
so that WE may be equal to EK (Ex, 152, Part L), and 
throuorh H draw SN parallel to WK. 

Because S^ is parallel to WK, and that CE bisects WK, it 
also bisects SJ^ (Ex. 156, Part L). Again, since WE = EK, 
FC is parallel to WK (Ex, 330, Cor., Part IL), and hence also to 
aS'xY. Now, because FM is drawn through the middle point oi 
SN, the base of the triangle 8CN, it is divided harmonically in 
a and // (Ex. 336, Part IL), 



EXERCISE 336. 

To cut a given straight line harmonically, 

(Pig. 336, Plate XXTII.)— Let AB be the given straight 
line. 

Through the point A draw any line CD making 
AC equal to AD \ join DB ; from C draw CE to any point in 
BD ; from E draw EF parallel to CD, and cutting AB in F : 
then AB is cut harmonically in G and F, 

Because, in the triangle ABD, FE is parallel to AD, AB ; 
FB :: AD: FE (71. 2) ; that is, AB \ FB : ; AC : FE, AD 
being = to i4C (Cons.), Again, because the triangles ACQ 
and EFG are similar, AC \ AG \\ EF \ FG (VI, 4), and 
alternately AC \ FE \\ AG \ FG \ but it has been shown that 
AC : FE:: AB : FB, and ;. by equality of ratios AB : FB 

::AG: fg, 

EXERCISE 337. 

AB is a given straight line, and D a given point in it', it is 
required to find a point P in AB produced, such that AP is to PB 
as AD is to DB, 
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(Fi^. 337, Plate XXm.)— On ABde&cnhe any segment 
of a circle, and complete the circle of which it is the segment 
(III. 25). Let il/T? be the segment described on i4 A Bisect 
tbe arc of the other segment A£B in ^^(III. 30), andthrougli 
D draw the line EDF ; join AF, FB \ produce AF to a \ 
bisect the angle BFG by the line FP meeting Aii produced in 
P ; then P is the required point. 

Because the angle AFB is bisected by the line D/' (Coma, 
and III. 27). and the external angle BFG is bisected by FP 
(VI. 3 and A), AD \ DB :: AF \ FB, BJid AP : PB :: AF : 
FB; and .\ (V. 11) AP.PB:: AD I DB. 

EXERCISE 338. 
Another Method. 

(Fig. 338, Plate XXIII.)— Through D draw any line 
CJS making DC equal to DE ; join AE and produce it to meet 
CB, joined and produced in F ; through F draw FP parallel to 
CE^ and meeting AB produced in P ; then P is the required 
point. 

Because FP is parallel to ED, and ED = DC, FP ] ED 
:: PA\AD\ that is, FP \ DC \ \ PA :AD. Again, since the 
triangles FPB and DCB are similar, FP \ DC \ \ PB \ BD ; 
and /. (V. 11) PA \ AD \\ PB \ BD, or, alternately, PA \ 
PB \\AD\ DB, 

EXERCISE 339. 
A, B,C are points in order in a straight line : fnd a point P in 
the straight line so that PB may he a mean proportional between 
FA, PC. 

(Fig. 339, Plate XXIII.)— On ilC describe a semicircle ; 
draw^il/ meeting the are at M, and making il^J/ equal to 
half a right angle; draw MP perpendicular to AC meeting it 
Bt Pi P is the point required. 

The angles at if , i? are equal, /. PB = PM, and PM^ = 
PA PC, .'. PB^ = PA PC, and is .*. a mean proportional 
between PA, PC, hence P is the point required. 

EXERCISE 340. 

Draw a parallel to one of the sides AB of a, triangle ABC, so 
that it may be a mean proportional between the segjnents into which 
it divides one of the other sides AC. 

I 
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(Pig. 340, Plate XXIII.)— Produce BA to R making 
AJi = HA, and join CR ; draw AfC meeting CB at A' and 
making angle CAK = CBA ; draw KNM parallel to BA^ 
meeting CA, CB in iV, M respectively : iVWis the line required. 

CMK = CAK, each being equal to angle B, .*. the points 
A , J/, C, K are in the circumference of a circle ; /. CX'NA 
= KN'NM (III. 35), but since CA bisects BR, it also 
bisects MK {Ex, 156, Part I.), /. CNXA = X^f\ hence 
XM is a mean proportional between CX, XA. 

EXERCISE 341. 
Another Method. 

(Pig. 341, Plate XXIII.) 

Let CK, drawn parallel to ^1^, be a third proportional to 
AB, AC ; join AK cutting BC in M, and draw MX parallel to 
A B cutting A C in N : then MX is a mean proportional 
between NA, NC. 

AB : AC :: MX : NC (VI. 4), and AC \CK \\ AN : MIST, 
hut AB : AC :: AC : CK, .*. ^.V : MX ; : MX : XC, hence 
MX is a mean proportional between A N, XC. 

EXERCISE 342. 

If from the extremities of one of the equal sides of an isosceles 
triangle inscribed in a circle tangents he drawn to the circle, and 
produced to meet : two lines drawn to any point in the cii^cnmference 
from the vertex and the point in which the tangents meet will divide 
the base, pi'oduced if necessaru, in continued proportion. 

(Pig. 342, Plate XXIII.) -Let ABC be an isosceles 
triangle inscribed in the circle, AB being equal to 7^(7 ; let ^7', 
B7^he tangents from A, B ; let 7^Z>, BD be two lines drawn 
from 7' and B to any point D in the arc A DC cutting the base 
^C of the triangle ABC in 37 and A': then ^C is cut in 
continual proportion in M and X. 

Join AB. 

The angle TBA = the angle BCA (III. 32) = angle BAG 
(I. 5), and .-. TB is parallel to ^C (I. 27). But the angle 
TAB = angle TBA (since TB = TA, HI 36); hence the 
triangles ABC and ATB are similar, and BA ', AC W TB\BA. 
Again, in the isosceles triangle ABC, AB^ = BN^ + AN'XC 



SIXTH BOOK. 189 



{Ea\ 253, Part I.) = BX^ + DNNB = DBBN (11. 3); 
and /. ^.V : AB \ \ AB \ BD ; and, by multiplication, or Ex, 
(vquo, BX : AC :: TB ; BD. But, because MX is parallel to 
TB, TB \ BD \\ MX \ XD (VI. 2) ; and since AXD^xiA BXC 
are similar, ^.V ; XD \ \ BX \ iVC, /. ^.V : .V.V ; ! AC'.NC ; 
and, by conversion, AX .* AX — MX ,: AC '. AC — XC, or 
AX : AM :: AC: ax ; that is, AC ! AX ; ; AX ; AM. 

EXERCISE 343. 
AD and AE blttect the intenor and exterior angles at A of a 
triangle ABC, and meet the base at D and E ; and is the middle 
point of BC : show that OB in a mean proportional between OD 
and OE. 

(Pig. 343, Plate XXIII.). 

Because OB equals half the sum of BD, DC, and OD half 
their difference, and OE equals half the sum of BE, EC and 
OB lialf their difference, .*. (VI. 3 and A) and (V. 15), OE \ 
OB \\ OB \ OD, hence OB is a mean proportional between 
OD and OE. 

EXERCISE 344. 

A BCD is a parallelogram ; from B a straight line is drawn 
cutting the diagonal AC at F, the side DC at G, and the side AD 
produced at E: show that the rectangle EF, FG is equal to the 
square on BF. 

(Fig. 344, Plate XXIII.)— Triangles AFE, BFC are 
equiangular, as also are AFB, CFG, /. EF \ BF \\ AF : CF 
:: BF: FG (VI. 4), hence EFFG = BF^. 

EXERCISE 345. 
AB is a diameter, and P any point in the circumference of a 
circle ; A P, BP are joined and produced if necessary ; from any 
point C in AB a straight line is drawn at right angles to AB 
meeting AP at D and BP at E, and the circumference at F : show 
that CD is a third proportional to CE and CF. 

(Pig. 345, Plate XSilIL)—CE'CD = ACCB (Ex. 148, 
Cor.)^CF\ :., hence CD is a third proportional to CE, CF. 

Otherwise : — Because the triangles ADC and ECB are 
similar, AC :CD::EC:CB: and /. ACCB = CDEC ; but 
AC'CB == CF% hence CDEC = CF^ ; and /. EC ] CF W 
CF ; CDy and C/^ is a third proportional to EC^ CF, 
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EXERCISE 346. 
If the extrenufff of a chttrd of one circle be the centre of another^ 

the circumference of the latter circle and the common chord cut the 

former chord in continual proportion, 

(Fig. 346, Plate XXIV.)— Let the extremity C, of the 
chord AC, of the circle A BD, be the centre of the circle 
DEB ; then AC is cut in continual proportion by BD in F, and 
the circumference of the circle DEB in E. 

Join CB. 

Because C is the centre of the arc BCD, it is evident from 
11. 3 and Ex. 156, Part I., that the rectangle AC'CF^CJf^ 
= CE^ and /. AC : CE ; ; CE ; CF. 

EXERCISE 347. 
From the obtuse angle of a triangle draw a line to the base which 
shall be a mean proportional between the segments of the base, 

(Fig. 347, Plate XXIV.)— Circumscribe the triangle 
ABC by a circle (IV. 5), and produce BA to D making i4i> = 
AB ; draw DE parallel to AC meeting the circle at E, and join 
BE cutting AC in F: BF is the line required. 

Because BD is bisected in A, and ^1/' is parallel to DE, BE 
is bisected at F, .'. CFFA = BF^ (III. 35), hence BF is a 
mean proportional between the segments of the base. 

For another method of solution see Ex, 246. 

J^ote, — If DE produced meets the circumference again at /i, 
and Bit be drawn cutting AC in Hf then jB^ is evidently 
another line drawn in the manner required ; and since E and 
li are the only points in the circumference to which lines drawn 
from the vertex are bisected by the base, the following theorem 
is suggested : — In an obtuse-angled triangle there can n not be 
more than two lines drawn from the vertex to the base, which 
shall be mean proportionals between the segments into A\]iicli 
they divide the base. 

EXERCISE 348. 
If ABC he a triangle inscribed in a circle^ (tnd BD be drawn 
parallel to thetcmgent at A fo meet AC, or AC produced in Z>, 
i^h')W that AB is a mean proportional between AC and AD, 

(Pig. 348, Plate XXIV.)— Because EA is a tangent, 

ihe mjB MAB - angle ACB (III. 32); and because £A m 
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parallel to BD, the angle EAB « angle ABD (I. 29) ; and 
.*. the angle ACB = angle ABD {Ax, 1), and as the anofli^ 
i^^C is common, the triangles ABC and ABD are similar, and 
CA \ AB :: AB \ AD (VI. 4), therefore /l^ is a mean pro- 
poiiional between AC and AD, 

Otiierwisk :— i>i?i4 ^ EAB (I. 29) = i?Ci4 (III. 32), .*. 
i^^ is a tangent to the circle circumscribing DBC^ hence 
CA'AD = AB' (III. 36), .*. -4i^ is a mean proportional 
between AC^ AD, 

EXERCISE 349. 

AB is any chord of a circle ; ACy BC are drawn to ani/ point in 
the circumference, ami cut tfie diameter perpendicular to AB at D 
E ; if O be the centre of the circle, show that OD'OE is equal to 
the square on the radius, 

(Fig. 349, Plate XXIV.)— Join OA and OC. Because 
OA == OC, the angle OAC = angle OCA ; and as the three 
angles OAC, OCA, AOC are together equal to two right angles, 
20CA '\- AOC = two right angles. But AOC = UvwgABC 
(III. 20); and /. 20CA + 2ABC ^ two right angles, and 
OCA + A BC — one right angle. 

Again, BEII + ABC =-- one right angle ; and .*. OCA = 
BEH, But the angle EOC is common to the two triangles 
OCD and OCE, and, as OEC has been shown to be equal to 
OCD, these triangles are similar, .*. £0 ; OC : ; OC ; OD, and 
hence EOOD - OC-. 

EXERCISE 350. 

Divide a given arc of a circle into two parts, so that the chords 
of these parts shall be to each other in a given ratio, 

(Fig. 360, Plate XXIV.)— Construct a triangle //FT^V, 
having the angle at }V equal to that in the given segment ui /^C, 
and having WH : Wi\ in the given ratio. 

Join AC ; draw AB meeting the arc at B, and making the 
angle at A equal to that at H : then the arc is divided at B in 
the manner required. 

Join CB. 

Triangles ABC, II WX are equiangular, /. AB \ BC \\ H]V 
: WX, I.e., in the given ratio. 

Otherwise : — Complete the circle and bisect the arc AMC 
iii M ) iixX AC m D bo that AD \ DC is iu the given ratio j 
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join MD and produce it to cut the given arc in B : then ABC 
is divided at B in the manner required. For since BD bisects 
the angle B (III. 27), :, AB \ BC WAD \ DC (VI. 3)— that 
is, in the given ratio. 

EXERCISE 351. 
Uicen the vertical angle, the ratio of the segnienti of the base hy a 
perpendicular from the vertex, and the perperulicular, to conatruct 
the triangle. 

(Pig. 351, Plate XXIV.)— Take any line AB and on it 
describe a segment of a circle containing an angle equal to the 
given vertical angle ; divide AB in D in the given ratio ; from 
D draw DC at right angles to AB; join AC, BC ; from CD 
cut otF CI/ equal to the given perpendicular, and through H 
draw EHF parallel to AB : then ECF is the triangle required. 
Because EF is parallel to AB, EH \ UF \\ AD \ DB, by 
equality of ratios ; and .'. ECF is the required triangle, having 
the vertical angle I'atio of segments of base, and perpendicular 
equal to those given. 

EXERCISE 352. 

Construct a triangle having given one aide, the opposite angle, 
and the ratio of the remaining sides. 

(Pig. 352, Plate XXIV.)— On the given side describe 
a segment of a circle containing an angle equal to the given 
angle (III. 88)j ^^^ divide the arc in C so that its chords may 
be in the given ratio (Ex. 350). Join AC, CB : then ABC is 
evidently the triangle required. 

EXERCISE 353. 

On a given straight line AB as hypotenuse describe a right-angled 
triangle which shall have its sides in continued proportion, 

(Pig. 353, Plate XXTV.) — On AB describe a semicircle 
and cut it in medial section at D ; draw DC at right angles to 
AB meeting the arc at C, and join CA, CB : then ABC is the 
triangle required. 

BC^ = AB'BD =^ An\ /. BC = AD, and AC^^AB'AD = 

AB'Bc, /. AB: AC :: AC: bc. 

EXERCISE 354. 

Given the Vertical angle, the line bisecting the base, and the angle 
which the bisecting line makes with the base ; to construct the triangle. 
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(Pig. 354, Plate XXIV.)— Take any line DE and on it 
(lesorilje a segment of a circle containing an angle equal to the 
given vertical angle ; bisect DE in 6r, and at G make the angle 
EGF or DGF equal to tlie angle which the bisecting line makes 
with the base ; produce GF if necessary till GC be equal to the 
line bisecting the base ; produce DK both ways if necessaiy, 
and through C draw CA and CB parallel to DF and EF ; then 
ACB is the triangle required. 

Because AC and DF are parallel, AG \ GC \\ DG \ GF 
(VI. 2) ; and, for the same reason, BG \ GC \\ KG \GF :\ 
DG : GF \ and /. A G = GB. Therefore A CB is the required 
triangle ; for it is evident (Ex, 27, Part I.) that the angle 
ACB is equal to the auorle DFR, 

Note, — If GF be greater than tlie given bisecting line, from it 
cut off a part equal to that line, and through its extremity 
draw two lines parallel to DF and EF respectively ; these two 
lines will form, with that part of DE which they include, the 
i-equired trianirle : the proof is the same as that given already. 

EXERCISE 355. 
Given the hase^ the altitude^ and the ratio of the sides of a tri- 
angle : to construct it, 

(Fig. 355 Plate XXIV).— Let ABhe the aiven base. j» 
the altitude, and a to 6 in the ratio of the sides ; it is required 
to construct the triangle. 

Divide AB in C so that AC \CB:\a\b (VI. 10) ; produce 
AB^ and cut it in 2> so that AD \ DB \\ a \ 6. Then on CD 
as diameter describe a circle ; draw GH parallel to AB and 
at a distance from it equal to^?, cutting the arc in E\ join AE^ 
BE : then ABE is the triangle requii*ed. 

Join EC, kD, and EK^ K being the centre of the circle. 
Then, because {Cm\s.) AC \CB \: a\b, and AD \ DB \\ 
a : 6, :, AC \ CB : : ad ; DB, by equality of ratios ; and, 
alternately, AC \ AD \\CH\ DB, and inversely, AD \ AC \\ 
DB \ BC\ and, by composition and division, AD + AC \ AD 
— AC \\ DB -^ BC \DB~-BC, But iiZ> + ^C = 2ilC + 
ICK ^ 2AK; AD — AC^ CD = 2CK; DB + BC =- CD^ 
'2CK\ and DB ~ BC ^ CK + BK — BC == CB -^ 2BK — 
CB = 2^ AT; and .'. 1AK \ 2CK \ : 2CK : 2BK, or AK : CK 
: : CK : BK, and hence (VI. 16) AKBK = CK'\ and .\ the 
angle AEB is bisected by the line EC (Ex, 289), and henoe 
(VI. 3)AE:EB::AC:CB:: a:*, and .\ il^JE' is tiie triangle 
required. 
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EXERCISE 356. 

Given in any triangle the base, the ratio of the sides, and the 
distance between the points in which the internal an/l erternal 
bisectors cut tlie base : to construct the triangle, 

(Pig. 356, Plate XXIV.)— Let AB be tbe given base, 
and divide it in (7 in the given ratio of the sides ; produce CB, 
and make CD equal to the given distance between the bisectors 
of the internal and external angles. 

On CD describe a circle ; take any point in the circumference 
B and join it with A, B ; then AEB is the triangle required. 

Join K, the centre of the circle, or middle of CD, with K 

CK or EK is a mean proportional between AK and KB 
{Ex. 290), and hence AK \ KE \\ KE\ KB, and (VI. 6) the 
triangles A KE and EKB are similar, and the angle KEB = 
angle KAE. But the angle KCE = CAE -^ AEC (I. 32) ; 
and as the angle KCE = KEC (I. 5), KEC =^ CAE + A EC, 
and since KEB = CAE, the remaining angles A EC and BEC 
are equal, amd :. AE ] EB :: AC '. CB (VI. 3). 

Again, join DE and produce AE to E ; and since AD ; DJB 
:: AClCB :: AE : EB, the anale BEF is also bisected by 
DE ; and .'. AEB is (VI. A) the triangle required. 



EXERCISE 357. 

Given the vertical angle, the base, and a line drawn from either 
of the angles at the base to cut the opposite side in a given ratio : 
to co7istruct the triangle, 

(Pig. 357, Plate XXTV.)— Let ABhe equal to the given 
base; divide it at 2> in the given ratio (VI. 10); on A£> 
describe a segment of a circle containing an angle equal to the 
given angle ; from B draw BC equal to the given line, and, 
if necessary, meeting the circumference again at C ; join AC, 
DC, and through B draw BE parallel to DC meeting AC pro- 
duced in E'y then ABE is the required triangle. 

Because DC is parallel to BE, AC ] CE \\ AD : DB 
(VI. 2), AE lA cut in the given ratio ; and AB\^ equal to the 
given base, and BC equal to the given line from the base 
angle B catting AE as reqiiired. 
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EXERCISE 358. 
Given the hase^ the area^ and the ratio of the sides of a triangle : 

to construct it 

(Pig. 358, Plate XXIV.)— Let .1^ be the given base ; 
divide it in C in the ratio of the sides ; produce AB^ and 
divide it in /> so that il/) is to DB in the ratio of the sides, or 
as ilC to CB) on CD describe a semicircle ; to i4 ^ <^PP^y * 
right-angled parallelogram A GMB double of the given area, and 
let its side GM cut the arc in F ] join AF^ FB ; then AFB is 
the triangle required. 

Join CF. Then, since AC \ CB \\ AD \ DB, and that a 
semicircle is described on CD, and A F and FB joined, F being 
any point in the arc, AF \ FB \\ AC \ CB {Ex. 290, Part II.) ; 
but AC : CB in the ratio of the sides (Com, VI. 10), /. AF ; 
FB in the ratio of the sides. Again, the triangle AFB is half 
of the parallelogram A GMB (I. 41) ; but A GMB is double of 
the given area, /. the triangle A FB is equal to the given area, 
and is hence the triangle required. 

I^oie, — If GM or GM produced do not meet the arc the 
problem is impossible ; if it cut it in two points, as in ^ and H, 
there will be two entirely different triangles, each of which 
will answer the conditions of the problem. 

EXERCISE 359. 
Triangles on the same base, and with equal vertical angles^ are to 
one another as the products of their sides. 

(Fig. 369, Plate XXTV.)— Draw the diameter DE. 

Since the triangles are on the same base, and have equal 
vertical angles, they are in the same segmentof a circle (III. 21). 
Let ABC and ABD be the triangles. From their vertices C, 
2>, let fall the perpendiculars C£, DF, 

The triangle ACB ; triangle ADB\\CE \DF (VI. 1, Cor. 
2) ; and the rectangle ACCB = HDDE, and ADDS - HDDF 
(VI. C); /. ACCB : AD'DB \\ HD'CE\ HDDF:: CE : 
DF, But it was shown that the triangle ACB ; ADB : I CE 
: DF, and, /., by equality of ratios, ACB [ ADB : : ACCB : 
ADDS. 

EXERCISE 360. 

ABC is a triangte insanbed in a circle, BD and BE are lines 
drawn to the base AB parallel to the tangents €U A, : show that 
BD is equal to BE, and that AE : CD : : AB^ : BC^. 
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(Pig. 360, Plate XXIV.)— Because FGiah tangent and 
AB Si chord from the point of contact A, the angle FAB = 
angle ACB (HI. 32) ; and since FG is (k^.) parallel to BDj 
the angle FAB = angle ABD (I. 29), .'. the angle il^D = 
angle ACB (Ax, 1). Again, since UK is a tangent at C, and 
/?C a chord, the angle BCH = angle BAG ; but, since HK is 
parallel to BF^ the angle ^C-ff = angle GBF^ /. the angle 
GBE = angle 5i!(7. Now, since the angles ABD and BAD 
are together equal to the angles BGF and Ci^^, and that the 
angle BDF = BAJ) + ABD, and DEB = ^Ci^ + J^^C, the 
angle BDE = angle DEB (Ax. 1), and hence BD = ^JF. 

Again, because the angles BDE and i>j^i? are equal, their 
supplements ADB and BEG are equal ; but the angle ADB - 
DCB + DBG, and ^iE'C ^ BAE ^- ABE, and /. the tri- 
angles ABE and CiBi) are similar; and, since they have the 
same altitude, ABE \ GBD \ \ AE\DG (VI. 1) ; but (VI. 19) 
ABE : GBD :: AB^ : BG\ and, /., by equality of ratios, 

AE : DG : Am : bg^. 

EXERCISE 361. 

Perpendiculars are let fall from two opposite angles of a rect- 
angle on a diagonal : show that they taill divide the di(xgonal into 
equal parts if the square on one side of the rectangle be dmible that 
on the other. 

(Pig. 361, Plate XXV.)— Let the perpendiculars AE, 
GF be drawn from the opposite angles A, G oi the rectangle 
ABGD on the diagonal DB : then DE or BFia one-third of DB. 

First Method — Because the triangles ABD and EAD are 
similar, ABD ; EAD ] : DB^ [ AD^ (VI. 19) j but BD^ = 
3-47)2 (hyp.), :, (VI. 1) the triangle ABD = SADE, and 
hence BD = 3DE. 

For a similar reason BF is one-third of DB, ,\ EF is also 
one-third. 

Second Method — Since the triangles ABD and A ED are 
similar, and that BD^ = 3AD^, AD^ = f^DE^ ; and /. BD^ 
= dDE^, hence BD = 3DE. 

EXERCISE 362. 
If one side of a right-angled triangle be double of the other : show 
that the perpendicular from vertex on hypotenuse cuts it in the ratio 

0/1 : 4. 
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(Pig. 362, Plate XXV.)— In the right-angled triangle 
ABC, let BA be double of BC, and let BD be the pei-pendi- 
cular on the hypotenuse. 

Because triangles Ci>-fl, ADB, are of the same altitude and 
similar, DC : DA W BC^ \BA^ \\l\A: (VI. 1 and 19). 

Otherwise — Because ABC, ADB, BDC are similar (VI. 8), 
DA = 2BD, and BD = 2Z>C, .*. DC : DA : : 1 : 4. 

Or, C-4-i42> = AB^ = 4C^2 = \CACD, .*. .!/> = 4C/>. 

EXERCISE 363. 

If an isosceles triangle be inscnbed in a circle, having each of the 
sides double of the base, show that the square upon the radius is to 
the square upon one of the sides of the triangle as 4 to 15, 

(Pig. 363, Plate XXV.)— From the centre K draw KF 
perpendicular to il C, and Ci^ = FA (III. 3). AC^ = CD^ + 
AD^] but AC^ = iAB^ {hyp,) = I6^i>2; and /. CD^^-AD'^ 
= 16il2>2, and hence CD^ = IbAD^ \ that is, AC^ ' CD^- 

i6iiz>2 : ibAD^ :: 16 : 15. 

Because the triangles A CD and KCF are similar, A CD ' 

KCF :: CD^ : cf'^ : : uad^ : ^ad^ : : 15 ; 4. 

EXERCISE 364. 

Coiistruct an isosceles triangle equal to a given scalene triangle 
having the same vertical angle, 

(Pig. 364, Plate XXV.)— Produce BC, the shorter side 
of the given triangle ABC, to Ey so that BF may be a mean 
proportional between BA, BC ; on BA take BD = BF, and 
join DF : DBF is the triangle required (VI. 15). 

EXERCISE 365. 

The straight line bisecting the angle B of a triangle ABC meets 
the straight lines drawn through A and C, parallel to BC and AB 
respectively, at E and F : show that the triangles CBE, ABF 
are equal 

{Fig. 365, Plate XXV.)— Triangles BAF, BCF are 
equiangular, /. FB : BFy.BA \ BC (VI. 4), hence triangles 

QBE, ijBi' are equal (VI. 16). 
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EXERCISE 366. 

To divide a tnangle into two parts in a given ratio by a straight 
line drawn through a given point in one of its sides, 

(Pig. 366, Plate XXV.)— Let ABC be the given tri- 
angle, and P the given point ; and let the given ratio be that 
of a to 6. 

Divide BC in the given ratio (VI. 10), so that CD is to DB 
as a to b; join AP, and draw D£ parallel to it ; join AJ) and 
EP. 

The triangle AED = triangle EDP (I. 37) ; to each add 
the triangle EBD, and the triangle A ED = the triangle EBP 
{Ax, 1). Now, take each separately from the triangle ABC^ 
and the triangle ACD = the quadrilateral AEPC {Ax, 3) ; but 
the triangle ADC \ triangle ADB \\ CD ; DB (VI. 1) ! : « ; 
b ; and .*. the quadrilateral AEPCy which is equal to ADC, I 
ADB \\a\b\ that is, AEPC \ EPB :\ a \ b. Hence ABC 
is divided by EP in the given ratio. 

EXERCISE 367. 

Find a point in a side of a triangle, from which two straight 
lines drawn, one to the opposite angle, and the other parallel to the 
base, shall cut off tt wards the vertex and towards the base, equcU 
triangles, 

(Piff, 367, Plate XXV.)— Out the side BC of the given 
triangle ABC in i> as in (II. 11) ; let DC the smaller segment 
be nearer to the base : D is the point required. 

Join AD, and draw DE parallel to ilC meeting AB at E, 
CA : DE :: CB: BD (VI. 4), but CB ; BD : ; BD ; DC 
{Cons.), :, CA \ DE W BD\ DC, and the angles ACD, EDB 
are equal, hence triangles A CD, EDB are equal (VI. 15). 

EXERCISE 368, 
To bisect a triangle by a straight line parallel to one of its sideSi 

(Fig. 368, Plate XXV«)— Let ABC be any plane tri- 
angle : It is required to bisect it by a straight line parallel to 
one of its sides AC, 

FIRST Method : — Bisect AB in D, and find a mean pro- 
portional BE between AB and BD (VI. 13), and through E 
draw EF parallel to ^C ; then EF bisects tte triangle ABC, 

3ecauie {Cane.) AB ', BE '/. BE \ BD^ find beoiMise AB ; 
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BD :: the triangle ABC ! triangle EBF (VI. 19, Cor.), and 
since il^ is double of BD^ the triangle ABC is double of the 
triangle EBF \ that is, EF bisects the triangle ABC 

Second Method: — Divide il^ in ^ so that AB- may be 
equal to twice BE^ \ and draw EF parallel to -4C ; then EF 
bisects the triangle ABC, 

The triangle ABC ! the triangle EBF\ [AB^lES^ (VI. 19) ; 
but AB^ ^ twice EB^, /. the triangle ABC ^ twice the 
triangle EBF. 

EXERCISE 369. 

To bisect a triangle by a straight line perpendicular to one of its 
sides, 

(Pig. 369, Plate XXV.)— Let ABC be Uie given tri- 
angle. From B draw B W at right angles \x> AB^ meeting AC 
produced if necessary in W \ bisect ^C in iS^, and on AB cut 
off AM 9l mean proportional between WA and A S ; from M let 
fall the perpendicular MK\ then i/A" bisects the triangle il^C. 
The triangles ABW and ARM are similar, having each a right 
angle and the common angle at i4, and hence the triangle ABW 
: the triangle iliTif \\ AW^ \ AM'^\\A W^ (VI. 19)\ AW AS 
\\ AW\ AS, Again, the triangle ABW \t)iQ triangle ABC 
:: AW \ AC \\ AW \ 2AS (VI. 1 and Cons,) ; and /. the tri- 
angle AKM : ABC ::AS : AC. But since (Cons.) AC^2AS, 
the triangle il^C » 2 A KM; and .*. the perpendicular M£ 
bisects the triangle ABC, 

EXERCISE 370. 

Otherwise : — 

(Pig. 370, Plate XXV.)— Let ABC be the given triangle. 
Prom B let fall the perpendicular BD on A C, and complete the 
rectangle ADBE\ describe the parallelogram AHFG similar 
to ADBE and equal to the triangle ABC (VI. 25). Now, 
since the entire rectangle AHFG ^ the triangle ABC, the 
triangle AHF » half the triangle ABC] and .'. the perpen- 
dicular FH bisects the triangle ABC* 

EXERCISE 371. 
To divide a gioen triangle into two jmrts in a given ratio by a 
iffoight line parallel to a given straight litie* 
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ig. 371, Plate XXV.)— Let ^^0 be the given triangle, 
ED the given straight line, and a to 6 the given ratio. 

Divide AB in F 'm. the given ratio of a to 6, so that BF may 
be to Fil as a to 6 (VI. 10) ; draw FG paraUel to ED ; find 
AK dk mean proportional between AC and AG (VI. 13), and 
draw KU parallel to G^P" or to ^2> ; then KH divides the tri- 
angle ABC in the manner required. 

Join CF. 

Becsmae AG:AK::AK:AC (hyp,), AG:AC in the duplicate 
ratio oiAGlAK (VI. 19, Cor.) ; but the triangle AFG : the 
triangle AHK'va the duplicate ratio of AG \ AK; and .*. the 
triangle AFG [ to the triangle AHK ;; ilG? ; AC, Again, 
ilG^ : ilC : : the triangle AFG : the triangle iiFC (VI. 1) ; and 
.'. from equality of ratios, the triangle AFG ] the triangle 
AHK :: the triangle AFG : the triangle AFC, and hence 
AHK = AFC, From the triangle ABC take each of these 
triangles separately, and the remainders BHKC and BFC are 
equal (Ax, 1). But AF : FB W ihe triangle AFC : the tri- 
angle BFC (VI. 1) ; and .'. AFC : BHKC \ : AF : FB, and 
consequently iliWr : BHKC \\ AF . FB. 

EXERCISE 372. 

To divide a given qwndrilateral into two parts in a given ratio 
hy a straight line paraUel to one of its sides, 

(Pte. 372, Plate XXV.)— Let -45(72) be the given 
quadruAteral, AD being the side to which the parallel is to be 
drawn. Produce the sides AB^ DC to meet in F, 

Let EG be the side of a rectangle equal to ABCDy and 
divided in H, so that EH ; HG as the part next to ili> is to 
the remainder ; let EG be produced to T so that 6rl^ may equal 
the side of a rectangle applied to the remaining side of the 
rectangle of which EG is one side, and equal to BFC ; now, 
divide AFD in the ratio of TH : HE by MN drawn parallel 
to AD (Ex. 371) : then MN evidently divides ABCD in the 
manner required. 

EXERCISE 373. 

If a straight line be drawn through any point in the line bisecting 
an angle and cutting the sides at equal angles, it will be the shortest 
line that can be drawn through the given point to cut theni, and the 
triangU so cut offwiU be the least possible* 
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(Pig. 373, Plate XXV.)— Let the straight line AE 
bisect the angle BAG \ and let the straight line MN be drawn 
through any {)oint P in AH making equal angles, AMN and 
AN My with ^^ and AC ] then MN is the shortest straight 
line that can be drawn through P and cutting il^ and AC^ and 
the triangle AMN is the least possible that can be formed with 
any line through P» 

Let DE be any other line through P meeting AB^ AC in D 
and E, Through 2>, E draw DF, EG parallel to MN, Because 
the angle DAE is bisected by AP, DA \ AE \\ DP \ PE 
(VI. 3) ; but DA is greater than AE^ /. DP is greater than 
PE 

Again (VI. 4), DM : MG .: DP : PE ; uid a& DP is 
greater than PE, DM is also greater than MG ; and as MN is 
therefore nearer to GE than to DF^ MN is less than half of 
GE and DF. But GP + PE are (I. 20) greater than GE, 
and DP + PFsxe greater than DF; and .*. MN is much less 
than half of DE and FG ; and hence MN is less than DE. 
Again (Ex, 237, Part I.), the triangle AMN, whose base is 
bisected by the point P, is the least that can be formed by any 
line through the point P meeting. 

EXERCISE 374. 

If semicircles he described on the segments of the hypotenuse of a 
right-angled triangle, made by a perpendicular from the vertex, the 
segments of the sides intercepted bi/ them trill be in the triplicate 
ratio of the sides, 

(Fig. 374, Plate XXV.)— I^* ^l^C be a right-angled 
triangle ; let CD be a perpendicular on AB from the vertex or 
right angle C; let semicircles be descriced on AD, DB, cutting 
the sides AC, BC in E, F ; then AE \ BF W AC^ \ BC^. 

Join DE and DF, 

Because BAC, CAD, DAE are similar triangles, ABlACl I 
AC: AD:: AD: AE; and /. AB : AE :: AB^ : AC^ (V. 
Def, 11.). Again, because the triangles ABC, DBC, DBF&re 
similar, AB : BC :: BC : BD::BD ; BF; and /. AB : BF 

: : AB^ : bc^. 
Now, AB : AE :: A& : AC^ ; 9jid BF : AB : : BC^ : ab^ 

(by inversion) ; and, by multiplication, AB'BF : AE-AB : : 
AB^'BC^ : AC^Am ; and /, BF \ AE \\ BC^ \ AC^. 
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EXERCISE 375. 

On A By ACy two adjacent sides of a rectangle^ two similar tri- 
angles are constructedy and perpendiculars are drawn to A By AC 
from the angles which they suhtendy intersecting at the point P. If 
A By AC be homologous sideSy show that P isy in all caseSy in one of 
the diagonals of the rectangle, 

(Pig. 375, Plate XXV.)— Let ABBy AFC be similar 
triangles described on A By AC, two adjacent sides o£ the 
rectangle ABDC ; let EG and FH be perpendiculars from E 
and F on AB and ACy meeting/ when produced in P ; then P 
is, in all cases, in one of the diagonals of the rectangle. 

Because ABE and ACF are similar triangles {hyp.)y BA '. 
AE \: CA : AFy and, alternately, BA \CA\\AE\AFy the 
angles around A beintr equal ; but, in the right-angled similar 
trianijles EAG and FAUy AE\ AG \\ AF\ AHy and, alter- 
nately, AE \ AF \\ AG \ AH\ and, /., by equality of ratios, 
BA \ AC \\ AG\ AHy and hence the rectangles AGPIl B,nd 
ABDC are (VI, 26) about the same -diagonal AD, 

EXERCISE 376. 

To find, by a geom£trical construction on arithmetiCy geometric 
and harmonic means between two given lines A By BC, 

(Pig. 376, Plate XXVI.)— Let ABy BChemo. straight 
line, and on AC describe a semicircle, and let BDy drawn at right 
angles to ACy meet the arc at D ; join D with the centre Sy 
and draw ^if perpendicular to DS : then DSy DBy and DM are 
respectively the means required. 

Because DS = half ABy BC, it is .\ the arithmetic mean, 
and since AB'BC = DB^, DB is the geometric mean. Again, 
since DS ', DB ] ; DB '. DMy DM is the harmonic mean, being 
a third proportional to the arithmetic and geometric means. 

Note, — This proves geometrically the arithmetic mean is 
greater than the geometric, DS being greater than DB (1. 19). 

EXERCISE 377. 
In any triangle the intersections of perpendiculars from the angles 
on the sideSy of lines from the angles bisecting the sideSy and of 
perpendiculars bisecting the sides, are in one line; and their 
distances frwn' one another are as 1, 2, 3. 
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(Pig. 377, Plate XXVI.)— Let ABC be any plane tri- 
angle, and let BD^ AEhe two perpendiculars from ^and A on 
the opposite sides ; let BF, A G be lines from B, A bisecting 
the opposite sides; and Flly Gil be perpendiculars bisecting 
the sides AC, BC ; then the points N, J/, ^are in one straight 
line, and their distances are as 1, 2, 3. 

Join F and G, Then FG is parallel to ^ J5 and equal to its 
half (Ex, 124, Part I.) ; and since AE and GH are both per- 
pendicular io BCy they are parallel ; and since BD and FH are 
both perpendicular to AC, they are also parallel : therefore the 
sides of the triangles ABN and GFII are parallel, and these 
triangles similar, and AB [ BN \ \ GF \ FU, and, alternately, 
AB : GF:: B^' ; FH, But AB = 2GF, and /. ^iT = 2FH, 
Again, the angle MBN = angle MFH (I. 29), and MB = 
2MF (Ex. 163, Part I.), /. ^fB ; B^'' : ; MF ; FH, and the 
triangles MBN and MFH are similar (VI. 6), and the angle 
BMN = angle FMH, and as BMF is a straight line, so also is 
HMN. Now, a&BN ^ 2FH, MN = 2MH, and HN = ZMH 

EXERCISE 378. 
Another Method. 

(Pig. 378, Plate XXVI.)— Let BD be one of the per- 
pendiculars, and N its point of intersection with the others. 

Produce BD to K making DK=DN ] draw BW, a diameter 
of the circumscribing circle, and join WK, WN^ the latter 
cutting ACmF) bisect B W in // and join FH, FB, HN, the 
two latter intersecting in J/. 

Now, since H is the point of concourse of the perpendiculars 
from the middle points of the sides, being the centre of circum- 
scribing circle, it only remains to be proved that F, M are the 
points of bisection and trisection of A C, BF respectively. 

Because DK = DN, and BWi^ the diameter of circumscribing 
circle, if is in the circumference of aforesaid circle, and WKB 
is a right angle (Ex. 231 and III. 31); hence WK, AC are 
parallel, and since -4C is drawn through the middle point of 
A'iV^, WN is bisected by it in F (Ex. 133, Part 1.), and because 
F, H are the middle points of NW, B W, FH is parallel to BD, 
and ,*. perpendicular to AC 'y and since H is the centre of 
circumscribing circle, AC i^ bisected at F (III. 3), and in 
triangle WBN the medians BF, NH intersect at the point of 
trisection. 

Car,—BN is double of FH, Vide (Ex. 124, Part I.). 

u 
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EXERCISE 379. 

If perpendiculars be let fall on the bisectors of vertical av{ilefrom 
the extremities of the base, prove that the rectangle then will be equal 
to the rectangle vnder the segments of the base made by inscribed 
circle, 

(Pig. 379, Plate XXVI.)— Let ABC be a triangle, AD, 
CO perpendiculars on the bisector of the vertical angle ABC, 
and £, in the bisector BD, the centre of inscribed circle ; let 
F be the point in which this circle touches AC : then AD-CG — 
AF'CF. 

Join AF, CE, FE, FG, FD, 

Because the angles A DE, AFE, CFE, CGE are right, ADFE, 
CFGE are circumscribable by circles, /. AFD = AED^ and 
CGF = CEF (III. 21), but AED ^ CEF{Ex, 258), :,AFD 
^CGF, and FAD ^ FCG (I. 29), hence FAD, FCG are 
similar triangles (VI. 4), and AD \ AF\ \CF\ CG, ..AD CO 
== AF'CF (VI. 16). 

EXERCISE 380. 
Through a given point, between two straight lines containing a 
given angle, to draw a line which shall cut off a triangle equal in 
area to a given figure, 

(Pig. 380, Plate XXVI.)— Let 4^ and il C be the lines 
containing the given angle, and P the given point. 

Through P draw DE parallel to AB, and construct the 
parallelogrom ADEF equal to the given figure (I. 45). Draw 
FIT perpendicular \x> AB and equal to DP', make HB equal to 
PE 'y join BP, and produce it to meet AC in C ] then the line 
BC will cut off the triangle ABC equal to the given figure. 

Because the triangles CDP, EGP, BFG are similar, they are 
to one another in the duplicate ratio of the sides DP, PE, BF 
(VI. 19); but HB^ = HF^ + FB^', and /. PE^ = DP^^ 
FB^, and hence the triangle EGP = the triangle CDP + tri- 
angle BFG ; and /. the triangle ABC — the parallelogram 
A DEF = the given rectilineal figure. 

EXERCISE 38 L 
2lie areas oj triangles which have one angle in each equal, are as 
the products of the sides containing these angles. 
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(Pig. 381, Plate XXVI.)— Let the triangles ABC, ADE 
be placed so that the sides about the equal angles may coincide, 
E, D being in AB, AC respectively; join BD, and draw EM 
parallel to it meeting AC in M ] join BM : then ABC \ AED 

:: A CAB: adae. 

Now, triangles AED, ABM are equal, and since they have 
an equal angle, ADAE = ABAM (VI. 15). Again, ABC 

ABM:: AC: am (VI. 1), .-. abc : aed :: ac:am : 

AC'AB : AM'AB ; but ADAE - ABAM, /. ABC ; AED: 
AC'AB : ADAE. 

Otherwise : — 

^= 1n1it ""^ 1 ' ••• ^^cr : AED :: acab : 

AED AD'AE\ sme A 
AD*AE. Hence: — If the triangles be similar, then the rect- 
angle under any two sides in one is to the rectangle under the 
homologous sides in the other, as the square of the third side 
of the former to the square of the third side of the latter. 

EXERCISE 382. 
To inscribe a square tn a regular pentagon, 

(Pig. 382, Plate XXVI.)— Let ABCDE be a regular 
pentagon. Join -4(7 and from A draw AH perpendicular and 
equal to -4 (7 ; join BH, and from R, where it cuts AE, draw RN 
parallel to AH ; draw NW and BM parallel to i4 C ; join MW ; 
then NWMR is the square required. 

Because NR is parallel to AH, RN:AH: : NB:AB (VI. 2) ; 
and since NW is parallel to AC, XW :AC::NB:AB; and 
.-. (V. 11) Ry:AH::NW:AC; and, alternately, RN : 
NW ::AH: AC; and since AH ^ AC, RN = NW. Again, 
since AB^CB, and NW is parallel to AC, AN =[i'C (VI. 2) ; 
and since CD = AE, and RM is parallel to AC and ED, ER 
= DM, and .'. {Ax. 3), AR = CM, and hence, in the triangles 
NAR, WCM, NA and AR and the angle NAR are respectively 
equal to WC and CM and the angle WCM, .*. NR = WM 
(I. 4), and the angle ANR = angle CWM, and hence NR is 
parallel to WM -, hence the parallelogram RNWM is equi- 
lateral and rectangular, the angle RNW being a right angle, 
and is therefore a square. 
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